








4- Consider the angular momentum of the electromagnetic field of a circularly polarized Bessel
beam traveling in vacuum in the z direction. Such a beam is represented by the following ~E
and ~B fields (in complex notation):

~E =

[
E0 ê+ +

i

k

(
∂E0

∂x
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∂E0

∂y

)
ẑ

]
exp[i(kz − ωt)] , ~B = − i

c
~E ,

where ê+ = x̂+ iŷ and k ≈ ω/c. The specific form of E0 is best expressed in polar coordinates
as

E0(ρ, φ) = A Jm(γρ) exp(imφ) ,

where Jm is the Bessel function of the first kind of order m and γ � k.

(a) Show that the z component of the time-averaged total angular monetum may be expressed
as follows:

〈Jz〉 =
ε0
2

Re

∫
d3x (ẑ × ~x) · ( ~E × ~B∗) .

(b) Show that the expression in part (a) may be written as

〈Jz〉 =
ε0

2ck

∫ (
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ρ
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∂|E0|2

∂ρ

)
d3x .

You may use the following result without proof:(
∂E0
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)
= eiφ
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(c) By performing an integration by parts over ρ, show that the result of part (b) may be
expressed as

〈Jz〉 =
ε0

2ck
(m+ 1)

∫
|E0|2d3x .

Interpret this result in terms of photon angular momentum.
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