Lecture 24
(Periodic Motion)
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Douglas Fields



Periodic Motion

Motion like:

— Swinging pendulum

— Sound vibrations

— Vibrations of atoms

— My pacing

Any motion that is repeating (comes back to an original point
and follows the same path again)

Can be characterized by:
— Amplitude of motion

— Periodicity of motion
* Or, the frequency
e Or, the angular frequency



One-dimensional Period Motion

* My Pacing
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Periodic Behavior

t=0 t=15s t=10s t=15s t=20s
t=25s t=30s t=35s t=40s t=45s

Belousov-Zhabotinsky reaction




Simple Harmonic Motion

* A type of periodic motion with a very explicit
definition:

* Motion about an equilibrium point with a
restoring force proportional to the distance
away from the equilibrium point.
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Simple Harmonic Motion




Simple Harmonic Motion

d?x
* Analyze: F=-kx=ma=m-—-=
dt?
d?x k
= —_ X
dt? m

* Differential equation relating the changing
acceleration to the position. Try non-periodic

solutions:
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x(t)=C:>%:O¢—£x(t) unless C =0
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Simple Harmonic Motion

* Try a periodic solution:

- dx . d’x _k
x(t)_cos(ct):a_ csm(ct):>F_ c’cos(ct) = mcos(ct)
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 The general solution is:
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Simple Harmonic Motion

 The factor in front of time sets the frequency
of oscillations, so:

x(t)= Acos Et+¢5 = Acos(wt+¢), o= LS
m m

(a) Increasing m; same A and k (b) Increasing k; same A and m (c) Increasing A; same k and m
Mass m increases from curve Force constant k increases from i.mp]itudL A increases from curve
1 to 2 to 3. Increasing m alone . curve 1 to 2 to 3. Increasing & alone | to 2 to 3. Changing A alone has
A increases the period. - decreases the period. X no effect on the period.
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Frequency, Angular Frequency and
Period

There is sometimes confusion about these

guantities. %

x(t)=Acos(wt+¢), w= -

w is called the angular frequency.

X returns to its starting point when wt = 2w, so the

period (amount of time to complete one cycle), is:

ro
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The frequency (number of cycles per second) is just:
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CPS 34-1

* A mass m=1.0kg is attached to a massless spring. The
spring is stretched with a force of 6.0N to a distance of
0.03m and then released. What is the frequency of
oscillations of the mass?

A) 1.25 Hz.
B) 2.25 Hz.
F = 6.0N
) A v A . A ¥
C) 3.25 Hz. ﬂ\ \ \% \ x \»\, \ \ \‘1 N
T T 1 I l l l ‘ ! 4

D) Not enough information to so _
0 0.030 m



Simple Harmonic Motion

 The phase factor determines the value of x at

t=0: ”
X(t)=Acos(wt+¢), w= -

These three curves show SHM with
the same period T and amplitude A
but with different phase angles ¢.
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Position, Velocity and Acceleration

(a) Displacement x as a function of time ¢

* We can differentiate to get the velocity - i /\"' ‘/”*\( '+ 9)
_ - g\\/' -;-\./l/ \_/I
x(t)=Acos(wt+g¢)= = AR TV o
v(t)= dx (1) =—wAsin(wt+4¢)

dt
 And again to get acceleration

V(t)=-wAsin(ot+¢)=

a(t)= d\;(tt) =—w°Acos(mt+¢)

e Note that:

a(t):—a)ZAcos(a)t+¢)=—a)2x(t):—%x(t):> .

ma(t)=—kx(t)



Energy in Simple Harmonic Motion

* Without any other forces (friction), we can

describe the energy of a spring-mass system
by the kinetic energy:

KE =%mv2 () :%ma)ZAZ sin® (ot +¢)

:%m[\/%j Azsinz(a)t+¢):%kAzsin2(a)t+¢)
* And the potential energy is:

U, =%kx2 () =%kA2 cos’ (wt+¢)



Energy in Simple Harmonic Motion

* So, the total energy is the sum of these:

E

total

=KE+U,_ = %kAzsin2 (a)t+¢)+%kA2 cos” (wt+¢)

:%kAZ (sin? (wt+¢)+cos® (wt+¢))

.
2

* But there is no time dependence here —
conservation of energy!



Energy in Simple Harmonic Motion

KE =2
PE=0

The numbers on the diagram assume
that 2 joules of work was done to set
the mass into motion. The sum of the
kinetic and potential energies must
then always sum to 2 J, neglecting
dissipation,

time
-

KE=2J
FE=0

N

KE + PE = 2J

No gravity...



14.27 - A 0.150-kg toy is undergoing SHM on the end of a hori-
zontal spring with force constant k = 300 N/m. When the toy is
0.0120 m from its equilibrium position, it is observed to have a
speed of 0.400 m/s. What are the toy’s (a) total energy at any point
of its motion; (b) amplitude of motion; (¢) maximum speed during

1ts motion?



14.37 + A 175-g glider on a horizontal, frictionless air track is
attached to a fixed ideal spring with force constant 155 N/m. At
the instant you make measurements on the glider, 1t 1s moving at
0.815 m/s and is 3.00 cm from its equilibrium point. Use energy
conservation to find (a) the amplitude of the motion and (b) the
maximum speed of the glider. (¢) What 1s the angular frequency
of the oscillations?



14.38 * A proud deep-sea fisherman hangs a 65.0-kg fish from
an ideal spring having negligible mass. The fish stretches the
spring 0.180 m. (a) Find the force constant of the spring. The fish
1s now pulled down 5.00 cm and released. (b) What is the period
of oscillation of the fish? (c) What is the maximum speed it will
reach?



14.83 <+ CP A rifle bullet with mass 8.00 g and initial horizon-
tal velocity 280 m/s strikes and embeds itself in a block with mass
0.992 kg that rests on a frictionless surface and is attached to one
end of an ideal spring. The other end of the spring is attached to
the wall. The impact compresses the spring a maximum distance
of 15.0 cm. After the impact, the block moves in SHM. Calculate

the period of this motion.



