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I. Electric Fields of a Moving Charge

Our project is to understand the electric and magnetic fields caused by some charge, a
monopole, with charge q. We will base our efforts on an understanding of the forces on some
test charge, qg, as measured in different reference frames. We will distinguish the forces felt
by this test charge by claiming that when it is at rest, all the forces it feels are caused by the
electric field, E = E (7, t), in its vicinity, while when it is moving with velocity , it feels, also,
a force due to a magnetic field, B=E8 (7, t); therefore, the total force will satisfy the Lorentz

force law:

— —

F=qy{E+ix B}, (1.1)

We will also take as given that the electric caused by a single monopole at rest is given by
Coulomb’s Law. Since we are interested in something more “exciting” than just Coulomb’s
Law with everything at rest, this means we will need at least 2 reference frames to study
things. Therefore, we will normally take the reference frame S’ as one in which the causative
agent ¢ is at rest. We will of course then have a different frame, S, which sees reference frame
S’ as moving with velocity ¢, which means that S will also see ¢ as moving with velocity v.
Therefore, we recall the important transformational properties of the force, namely that the
3-dimensional force is given by F = dp/dt, where of course p'= v, mi is the relativistically-
correct momentum for a particle of mass m moving with 3-velocity @w. That allowed us to

determine the transformation laws between reference frames as

—
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To find the electric field caused by a moving charge, ¢, we now choose S’ so that ¢ is at
rest, and choose S so that ¢y is at rest, so that it will only feel the force due to the electric
fields caused by ¢; therefore, qo is moving with velocity —¢ in frame S’. In S’; ¢ is at rest, so
that the only field it creates is the Coulomb field. If at time ¢’ we ask for the electric field it

creates at a vector distance 7/, it will be given by

= . kq _,

B'(#.¢) = 2 (1.3)

where k is some constant that depends upon one’s choice of units. As the test charge, qq is
moving, the point at which it feels the force will be different at different values of ¢, so we may

write

o kqqo (¢
Fl = s () (1.4)

It is important to recall that the vector #/(¢’) is the vector distance between the two charges

at the same time, as simultaneity is measured in S’, i.e.,

P = () — 7, () . (1.5)

o

We now Lorentz transform this equation for the force to frame S, where qq is at rest, which
means that @ = 0. It is therefore simplest to use the inverse formulation of Eqgs. (1.2), solving
them for F/ in terms of F and i, which is of course done by simply interchanging primed
quantities and not-primed quantities everywhere and also changing the sign of the relative

velocity ¢ of the two frames. Then, inserting the fact that @ = 0, we obtain the simple

relationships:
. F —(a-F)@ ; . vl .
F/ — || _ F/ _ _ —1F
I 1—-0-4 I LT 5 a 7oL
u=0 a=0
= = kago - = = kqqo .,
— F1\|:FT\: TJ3 T’Tl, FJ_:’yF/J_:’erT/J_, (15)

where the last inversion of the equations was desired since we knew the values for the forces

in S, i.e., we know I’ and desired to find F.



We now have the forces in S, but they are still written in terms of quantities measured in
S’. We therefore also need to transform those quantities between frames as well, which means
7'(t) = (t') — 7' (t'). An important difficulty, however, is that the two events (],t') and
(7',t'), which were simultaneous in S’ will not be simultaneous in S. In order to have a
reasonable quantity for a force in S, we need a measurement of the difference in positions in
S at the same time, ¢, as measured in S. Happily, for this case that is not a serious problem
since the charge causing the field, ¢, is at rest in S’. Therefore, we choose, instead, a different
event on that worldline, say (7, ’,t_ ), with the property that when transformed to S it and the

" will

event on ¢o’s worldline are simultaneous there. Since ¢ is at rest, the given value of 7
be the same at both events, so that the difference, #’(¢’), still has the same value. Then, to
completely define, and also simplify, the associated algebra at the moment, let us choose that
time of simultaneity in the S frame as ¢t = 0, and also locate the charge ¢q at rest at the origin
in S’. This identifies the event with coordinates (7, t" ) as the origin in S’ and therefore also

in S; it also identifies the event with coordinates (7 '(t'),t’) as the event (7,0) in S, where we

may calculate 7 by using the Lorentz transformation equations for that event:

—

r=ar s, Tl =1 (1.6)

Inserting these statements into Eqgs. (1.5) we obtain the following remarkably simple result:

= kqqo .,  kqq - kaqqo _, kqqo = kqqo
E\: T/3TH: 3 SAATIR) FJ_:’VT,?, TJ_:'VTJg rL = F:’VT,?,T? (1.7)

although we must still replace the magnitude r’/. This, however, is quite straightforward since
(7")? = (FT‘ +7)% = (7, + 71)? = 72("“)2 + ()2 =71+ (v* — 1) cos? 4] , (1.8)

where 6 is the angle between 7 and ¢. This then becomes the equation for the force felt by
go—which then also determines the electric field created by ¢, which is moving with speed
v—at the time ¢ = 0 when it is at the origin in S:

= kaqo gl . = _ kg v .
F = - F=— . 1.9
{ [1+ (72 — 1) cos? 0]3/2 } " r3 { [1+ (72 — 1) cos? 0]3/2 r.o (19)




Noting that 42 — 1 = v24? and exchanging cos? @ for 1 — sin? 0, we may rewrite this form for

the electric field in a different, and sometimes simpler form:

- kq 1—?
EF = — 7. 1.9
73 {[1—v2 sin? 9]3/2}T (1.9a)

Also, for this simple case, we may write the transformation equation between frames for the

electric field:

EH:E‘Il,EL:’yE’L, or E=~E'—(y—1)(0-E")b. (1.10)

Magnetic Fields of a Moving Charge

To determine the magnetic fields generated by our monopole ¢ because of its motion,
we will have to allow our test charge to be moving in the frame S where we want our fields
described. Therefore, as before, we will have a frame S’ where ¢ is at rest, so that we may use
the straightforward Coulomb’s Law to determine its field, and we will also take S’ as being
measured by S as moving with velocity v. However, in S we want our test charge to be moving
with non-zero velocity 4, and therefore, a non-zero velocity @’ in S’, which will complicate the
transformation of the force between frames since the test charge is no longer at rest in either

framel!

To recapitulate, as the source charge is at rest in S’ we may still use the (usual) Coulomb’s
Law force as given by Eq. (1.4) to determine the force felt by the test charge in S’; however,
we must use the full formulation of the force transformation equation to determine the desired
force, F as measured in S, where ¢ is moving with velocity ¢ and ¢y is moving with velocity .
It is therefore desirable to first recall the transformation equation for @’ in terms of ¥ and 4,

where it will turn out simpler to use the (lengthy) full vector form:

[ay

0 X (4 x D)

S>

iy =Ty la (b a)

1—v-u

—/

(2.1)
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Then, as already noted, we may not use the simple algebraic device used in Egs. (1.5) to obtain

the desired force, but must rather insert things into the full form in Eqs. (1.2). We proceed by
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first noting that the Coulomb force is just in the direction 7/, so that everything else may be

factored out front, giving

F=

kqago [y 1o x (F' x )+ (0 -7 o+ (@' -7 T
T (2.2)
r 1+7- -4’

1 is just the per-

We first notice that the first term in the numerator, which multiplies v~
pendicular component of 7/, which of course transforms to the perpendicular component of 7,
without change, so that we may simply drop the prime on the ¥’ in that term. Similarly, the
second term is just the parallel component of 7/, which we know is equal to ~ times the parallel
component of 7. In addition, using Eq. (2.1) for @', we may transform the denominator into

its form in terms of quantities measured in S:

T-a—0-7 1—1? 1/+2
1-v-4 1-d-0 1-0-4d°

(2.3)

1+d-d' =1+

This allows us to rewrite the first two terms of the equation for F as

kqgo {7‘16 x (! ><@)+(17-F')?3} _2kaqo

— — —1~ N R R .
r L7’ TRl =T (v x (Fx 0) +y(0-7) 0}

Now we consider the third term of the equation for F , where we must use Eq. (2.1) to replace

— /.

kqqo (a'-7") v kqqo (. e o At ey
,r/3 1+17ﬁ/: 2r/3 (’U«'f’/)(’l]-'u,—v)—f—f}/ 1T/'[UX(UXU)]}'U.

We may now recombine the two portions of the equation for the force and cancel various terms:

4 k
L v LRI
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+ 7= (0 - P)0 — (T @)F+ (T 8) (6 - 7)o+ (7 @)T — (7 0)(0 - @) T }

ko . » (2.4)
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”

k
= @ x (X 7).

r

From Eq. (1.7) the first term in this last equality is just the electric force viewed in this frame,
S. It is of course also the only remaining part of this force if we were to slow the test charge

to rest, i.e., to set u to 0; therefore, we can conclude that the remainder is the magnetic force:

— — — k —
FMEF—FE:’)/@HX(UXF)EQOEXB. (2.5)
r



Therefore we may write out explicitly a form for the magnetic field generated by a single
monopole of charge ¢ and moving with velocity v, all of which has been generated simply from

Coulomb’s Law and the validity of Lorentz transformations:

ﬁzv—ﬁxF:—{[l }UXF:UXE, (2.6)

where the E in question is of course given in either of Eq. (1.9) or Eq. (1.9a).

It is well known that the electric and magnetic fields may be written in terms of a magnetic
vector potential, ff, and a scalar potential, V. We will proceed, below, to determine those for

our single, moving, charged particle, and to show that they do indeed generate the desired E

and B fields.

On the other hand, from the point of view of using these calculations to generate the
correct Lorentz transformations for the electric and magnetic fields, we may now re-write the

above in the following way:

B =B, Bi=~B\, B=nixB (27)

I’

However, we must still be wary of this result. Although it is definitely now more general
than Eqs. (1.10), it is still transforming from a particular frame where there was no magnetic
field; i.e., in the frame in which ¢ is at rest, namely S’, there is no magnetic field, so that this is
probably not still the general transformation law which we are hunting, although certainly it
must be a special case of it. It is of course true that it does nicely describe the electromagnetic
fields for a single, moving charged particle—where there would indeed not be any magnetic field
in the rest frame. Although we will not go ahead and look for the more general transformation
law, we will eventually come back to look at this question of the single charged particle’s fields

some more.

Another quite interesting thing to do might be to show that these fields we have found

do actually still satisfy Maxwell’s equations. I say that it might be interesting because, after
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all, we know that this is the Lorentz transform of the electric field generated by Coulomb’s
Law for a charged particle at rest; therefore, one could easily argue that it “obviously” satisfies
Maxwell’s equations. On the other hand, that argument of course assumes that Maxwell’s
equations are preserved by Lorentz transformations; this is certainly true, but we have not

really shown it.

The vector 7 in the equation is actually the vector from the current location of the charged
particle to the field point in question; since the charged particle is moving, ¥ depends on time.
To describe this in more detail, we again follow the notation of Eq. (1.5), where the field point
is fixed:

7(t) = 7o — 7y(t) . (2.8a)

Therefore if we think of the electric field as E[7(t)], then the action of a time derivative is as

follows:
OE[r(t)]

dry(?)
ot '

dt

= —7- VE[f(t)] where 7 = (2.8b)

a. To show Gauss’ Law, we need to calculate the integral of E over some Gaussian surface,
which contains the charge. I choose a sphere of radius R, centered on the charge at some

particular instant, using n = cos 6 as a variable for an integration:
= = kg(l—? T in 6 1 d
fdA-E _ ka0 =) o g2 / df o 7 = 27rk’q(1—1}2)/ il
0

R? (1 —v2sin®0 S (1 =02 02p?)3/2
(2.9)

The value of this last integral is straightforward, and is given by 2/(1 — v?) so that the result

is 4mkq, as desired for Gauss’ Law.

b. To show Faraday’s Law, we define E = &F and begin with

OB[F(t - o .
% = —U-VB=—0-V(UXE)=—-0x(¥-V)E = =0 [f(7-V)E+E(U-V)F]. (2.10)
Now here it is straightforward to determine that (- V)7 = ¢’ so that that term disappears
from the sum, leaving us with

B[ (1)]

o = (P )T V)E. (2.11)



Now we proceed to calculate the other side of this Maxwell equation:

VxE=EVxXF+(VE)xF=—FxVE, (2.12)

where the last equality is true because the curl of location is zero, i.e., V x 7= 0.

We now want to show that these two quantities will add to zero, i.e., that Faraday’s Law
is satisfied. Therefore, we will actually have to determine the value of V&, in some detail. We

do this via a chain of simple calculations, using its various parts in such a way as to completely

avoid having to use spherical coordinates, which would be “a pain”:

1 p 7 L — T
V- =-3—, while Viz=V-=2"""_
r3 r4 r r
S (5P B — cosOF
We next need Vcosf = V(0-7) :ﬁ-(Vf):U (@ T)T:U cosvn
r r

and then V{(1 —v?sin”0)7*/?} = —(3/2)(1 — v sin® ) ~*/*(20%) cos § V(cos ) (2.13)

3v° cos 0 (0 —cosOT)
(1 — v2sin? §)5/2

Now we may insert this quantity back into the two equations, finding that both of them result

in a vector that is in the direction perpendicular to both 7 and 9, i.e., in the direction 7 X 0.

We begin the curl of the electric field:

= B kqo(1 — v?) v2 cos 6 L
VXE=-7xVE=+3 3 (1= oZsin? §)572 [F x 0] . (2.14)

The similar calculation for the time derivative of the magnetic field gives us

% — (Fx B)(F- V)E = ro?[F x 8] (0 - VE)
kgL —v*? /(1 —v?sin® ) cosf + v2 cos (1 — cos® 0)
= 3 [ x i) e (2.15)

v2 cos @

kqo(1 —v?) . .
A )
[P0 (1 — v2sin?)5/2

r3

=-3
We can easily see that these two cancel out when added together, thus verifying Faraday’s Law

for these charges moving, at constant velocity.



3. General Transformation Law for the Electromagnetic Fields
In principle we could try to invert the equation and hope to use this to discover the form
of the missing terms. Another approach might be to just go to yet some third inertial frame;
however, this would appear to be rather messy. Instead, let us try to use our transformation

equations for the force to just pretend we did, and see what the result should look like.

We suppose that we begin in a reference frame in which both the electric and magnetic
fields are non-zero, and we transform from there to another frame. For now we will, again, refer
to that initial frame as S’™—although it is obviously a different one than the earlier discussions.

In that frame we have the full Lorentz force equation:
F'=qy(E'+a xB'). (3.1)

Then we transform this equation back to the frame S, which measures S’ to be moving with

velocity ¥, using Eq. (1.2) and also Eq. (2.3):

- _ _{_(J/XB'/)L . .
Fl=~71 B = 1—1a-0)[E’ i' x B’
1 7 qo(l—UQ)/ 1 /l—)» ﬂ:) ’qu( U U)[ J_+(U’ X )J—]7
. E! +(i' E')i+ (i’ x B'), (3.2a)
FH = qo 1 =
+ U

—

NT+o- (" x B")9].

Dji

= v2qo(1 — 7 - _’)[E’T‘ + (" -

We also insist that the Lorentz force equation hold directly in the frame S, i.e.,
F_l = qo[EL + (1_[ X g)J.] and F]\ = qO[EH + (’LT X é)\l] . (32b)

We may immediately pick out of these relations the transformation law for the electric field,
since we know that we would have only an electric contribution to the force in frame S if the
velocity of the test charge, @, would vanish there. We also know that if u were zero, then
@’ would just be —¥, as it was in our first considerations in these notes. Therefore, making

those insertions into the comparison of the two forms for F above, we have the following two
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conclusions, where we use the fact that the cross product is completely perpendicular to v, i.e.,

has no parallel component:

E  =~[E" +(-%xB")]=~(E' —7xB),
= o, 1 -2 (3.3)

E =E =E'.
11 — p2 I

We may now proceed forward to find that information within the equation which is valid
when @ # 0, beginning with the equation for the parallel component of F. Inserting the

information just obtained for the transformation of E], we have

. . E' + (@' -E"o+0- (@' x B')b
E' +v-(ixB)p=— —

I 1+v7-u’

=21 —-G-D[E' + (@ -ENo+0- (@' x B') 0]

=2(1-0-@)(E' + (@' -E"G + ~[oxi@-B')p.

Since the parallel component of B makes no contribution to © x @ - B we may replace B
there by B.. As well, since it is all in the direction 0, we may simply write out the (scalar)

coefficient of o, in the form

bx@-(B—~B'), :72{(vg—ﬁ~ﬁ)(ﬁl-@)+v(ﬁ” —U+7_16L)-E’}:...ZWUﬁL-E’"

by
B, =B’ +~yUx E". (3.5)

Having now the majority of the transformation equations desired, we may return to the equa-
tion for F| and consider the case when @ # 0, to see what information still remains there.
When we do this it is convenient to remember that the “operator” that picks out the perpen-

dicular part of some vector may be written in terms of a cross product that may be expanded:

—

(@x B)L =0x[(@x B)x 0] =0x[(@0)B—(0-B)d] = (d-0)ix BL — (6 x@L)B, , (3.6)

(53
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where we have replaced v x B by ¥ x B 1, since only that part of B which is perpendicular to
¥ contributes to the cross product, with the same being said as well for 4. We also note that
exactly the same expansion may be written out beginning with the primed version, i.e., with
@' x B'. Returning now to the comparison of Eq. (3.2a) and Eq. (3.2b) for non-zero i, we first

write the comparison and insert our knowledge about the transformation of E K
y1—a@-D)E + (@ xB")]=E 4+ (@ixB), =v(E', —GxB")+ (i x B), .

The terms with ny ! cancel and we use the expansion above in Eq. (3.4) for both the unprimed

and the primed versions, to obtain

A

(G- 0)0x B, —(0-B)oxi=—y(@-0)E' +~(@-9)ox B’ — (6 x@)(6-B") .

We now, finally, can insert our equation for the transform of B, Eq. (3.5), into this equation,

with the result that

Summary of the Transformation Laws in the 2-form called Faraday

We first summarize the transformation equations obtained above:

or (4.1)
E =~E —(y=1)(p-E"o—~TxB",
B =~B' —(v=1)(0-Bo+~yTxE",

Now we want to define a 2-form over spacetime. However, since we have been dealing

with vectors over 3-dimensional space, we must first acknowledge that one may simply use the
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metric to transform tangent vectors into 1-forms and vice versa and also that, in 3 dimensions,
we may create directly 2-forms from the components of tangent vectors:

E:Eaga — EEEa%aEgabEb"Naaa E:%nabcEc%a/\%ba
2

(4.2)
= B¢, < B=B,w'=guB"'w", B=1inwBw A&’
2

o]l

Typically we will be able to decide from whence a given set of components comes, either
from a tangent vector or from a 1-form, by the position of the indices. (Of course in 3-
dimensions in Cartesian coordinates it doesn’t really matter, although, for instance, in spherical
polar coordinates, it does matter. In that case we must perform a transformation from the
usual Cartesian, 3-dimensional metric matrix, n —= I3 to g; in the spherical polar case, we
would have g,y = diag(1, 72,72 sin?§), with the notation “diag” indicating the elements of a

diagonal matrix. This gives, for instance Ey = r[cos(6)(cos ¢ E,+sinp E,)—sinf E,] = r? E%.)

Returning to the general case, we have now defined sufficient quantities to create a pre-
sentation for a 2-form in terms of the components from our two 3-dimensional tangent vectors;
however, since the “physical behavior” of the magnetic field is truly more like that of a (3-
dimensional) 2-form, it enters into the Faraday in terms of the dual of its vectorial form, either
as the 3-dimensional 2-form denoted by * B, promoted to a 4-dimensional 2-form, or directly
as a 4-dimensional 2-form (B Adt), while the electric field is more straightforward; in the sim-
plest presentation just below this definition, one sees this difference by the differing positions

of their indices.

E=5FuwAe’ = —xB+EANdt=—ix(BAdt)+ENdt,
(4.3)
or Fabznachcy Fa4EEa7
If we then present these components in {x,y, z,t} coordinates, we have
0 +B* —-BY +F,
B -B* 0 +B®* +E,|_(-Bx E
F, = LBy _po 0 \E _<—ET O> , (4.3a)

~E, -E, —E. 0
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where the notation —Bx is yet another convenient notation for a matrix that contains the
components of the 3-dimensional 2-form —* B, which has components as shown, since that

3 x 3 matrix operating on an arbitrary 3-vector, say w, will have as result —B x 1.

As a useful aside we note that we have now presented three different ways to describe the
“ubiquitous” fact that the magnetic field “should,” originally, have been written as a 2-form,

by giving three different presentations of how to write down that 2-form:

—

fgzi*(ﬁ/\dt):Bx. (4.3b)

It is also worthwhile to determine how this transforms into basis sets based on alternate
coordinate systems. A homework problem will ask you to do this in spherical polar coordinates,
where you should find the following presentation:

0 VIB? —\/gB’ E,

—\/9B¥ 0 B" K .
Fos — \>/§§Be B \/50 EZ , V9 = \/det(gap) = rsin6 . (4.4)
“E, By -E, 0

To proceed to the question of the behavior of this 2-form under Lorentz boosts, we recall
that a standard boost, B(¥), has the property that it converts contravariant coordinates (of a 4-
vector) from the primed frame, z'®, into those for the unprimed frame, z*, i.e., z# = B, z'®.

Therefore one would expect this 2-form to have its components transform as

Fao=A4%A°,Fl; < F=A"F'A and AB=1, ie,

—Bx E\ _ (L+(y-100T -7\ [(-B'x E'\(L+(-1Di"T —47
-ET 0) —yv T v —E'T 0 —v T v :
(4.5)
The general algebra will not be done here, but the reader should consider performing at
least one special case in order to provide a basis to believe that this transformation law is

identical with the one given in Eq. (4.1). A different approach toward verification might also

consist in showing that the 0 in the lower-right corner is indeed preserved by the transformation.
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Maxwell is the dual of Faraday, and the Maxwell Equations as 1-forms
Given the form of the Faraday 2-form in Eqs. (4.3), we may immediately construct its

dual 2-form:

~ ~

M = *F :*{—i*(jNBAdt)+]NE/\dt}:—i{z’*(]j/\dt)+]§/\dt},
(5.1)
s Q= F4+F = +(E—iB)Adi+ (E—iB)Adt,

where we notice that this formulation for the “self-dual part” of the Faraday 2-form is “ob-
viously” self-dual, i.e., equal to its own dual. As well we notice that one may easily create
tM = i* F by beginning with F' and changing B to —F while simultaneously changing F
to +B, which is the “standard” definition of the electromagnetic duality transformation first

given by Maxwell.

We may want to quickly calculate the action of the exterior derivative on F' and }/. As this
will generate 3-forms, which truly have only 4 independent components, it is more expedient
to go ahead and take the dual of these 3-forms, ending up with appropriate 1-forms. We begin

the Faraday:
*dE:*d{—>§§+EAdt} = —wdxB—*ldt AxB—dENdl], (5.2)
3 3

where we have expanded the 4-dimensional exterior derivative into its spatial and temporal

parts, and have noticed that the action of the 4-dimensional derivative on a 2-form including dt

will only have a 3-dimensional effect. Next we need to recall two lemmas about the behavior of

the Hodge dual, the exterior derivative, and the 3-dimensional divergence and curl operations:

— % d* B =4+V.-B = —gz;sg:Jr(V-E) V= —*g§52+(v-§)*¥:—(v-§)dt,
+dE= —(VxE) = qE=—+{(Vx B},

(5.3)
where we use the under-tilde under V x E to indicate that we mean that 1-form whose com-
ponents are the components of V X E lowered by the use of the metric tensor (acting as a
map from tangent vectors to 1-forms). Using these lemma we may now rewrite our desired

expression as follows:

«df = —(V-B)dt— [B+V x EJ, (5.4)
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where we have also used the fact that ¢ F is a 2-form so that it commutes with dt and the fact
3
that

*[dt Axda') = — % [dt Ada? A da®] = +da’ | with i, j, k in cyclic order.

As B +V x Eisa purely spatial 1-form, we have indeed separated out the spatial and temporal
portions of the (4-dimensional) 1-form *d[’, as was desired. In order to obtain the (exterior)
derivative of the Maxwell, we recall that ¢ * ' is obtained by just sending B to —F and,
simultaneously, [f to +B. Therefore we may do that in the expression above giving us those
derivatives:

ixdxF=(V-E)dt—[-E+V xB], (5.5)

At this point we recall the experimental results contained in Maxwell’s Equations; they
tell us that the 4 expressions contained in *d F' should vanish, while the 4 expressions contained
in xd)/ should be —47wk(—pdt + .Js), where p is the total charge per unit volume and J is the
current density, i.e., the total current passing through a unit area, with its direction in the
direction of the normal to that area. [It should also be noted that in standard MKS units
k = 1/(4meg) while 1/(uoeg) = ¢ = 1 implies that, in our standard choice of units g = 1/¢.

We therefore intend now to create a tangent vector, and associated 1-form,
J = (J,p)7 = J=Jda'—pdt, (5.6)
which allows us to now write Maxwell’s equations in the form

xdx F'=4mikJ, *xdF =0. (5.7)

We may now invoke, locally, Poincare’s Lemma, which tells us of the (non-unique) existence

of some 1-form, A, locally, such that

F=dA, A = (Al V)T7 A= (A>_V) ) (5'8)



where the presentation in terms of Aand V simply defines the spatial and temporal parts in
the forms we are used from more elementary approaches to the electric and magnetic fields.

We may even make that representation more explicit as follows.

—§B+E/\dt:E=d(él—th):gié+dt/\é1—giV/\dt:gié—{é—kglV}/\dt. (5.9)

Comparing the two “ends” of the equation chain we may read off the (standard, well-known)

relationships:
E=-A —4dV or E=-A-VV,
Y & — d
and *B= —d4 or B=VxA.
3

At this point we should note that the existence of this potential of course satisfies half of

the Maxwell equations, but the other half remain, now in the form
xdx dA = 4mik] , (5.11)

and that the so-created vector potential is not unique, but, rather, may be modified more or
less at will by adding the gradient of a scalar, i.e.,

e A and A+ dy, for any function y € F, create exactly the same Faraday.

These two facts may be interrelated since it is usual to make certain choices of x so that
the equation involving ,J is simplified. We will discuss these shortly, but, first, let’s discuss the

role of A in the single monopole case.

The 4-Vector Potential for the Single Moving Charge
We first want to spend a little more time “understanding” the forms we now have for the

electric and magnetic fields of a moving monopole, as given in Egs. (1.9a) and Egs. (2.6):

- kq 1—? — -
E =" 7. B =dxE. 6.1
73 {[1 — v2sin? 9]3/2} (6.1)

This form may be understood somewhat differently by introducing the retarded position and

retarded time associated with the field point, and field time, and also the motion of the charge
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causing the field. We first recall, from the discussion near Eq. (1.5), that Coulomb’s Law
involves a difference of the two vectors describing the location of the field point and the location
of the charged particle, both at a given, single time, ¢, as measured in the observer’s rest frame.
We now generalize those notions to 4-dimensional notation, and introduce
e the event of the measurement of the field, with coordinates 7y —= (75,t)T, and
e the worldline of our charged particle, parametrized by the time of our observer, ¢,
which has coordinates given by a time-dependent 4-vector, 7,(t) = (7,(t),t)T, so that
e we may create the event which is the intersection of this worldline with the past
lightcone of the measurement event. That intersection occurs at an earlier time,
which we denote by [t], and refer to as the retarded time for the field event, and satisfies

the following equation:

Fo — ()| = t =) 2 0. (6.2

e Lastly, we introduce a “perhaps fictitious” event. We suppose the charged particle has
been travelling at constant velocity, ¥, at least since the retarded time, [t], and look at the
position the charged particle would then have at the time of the measurement, so that we

create a spatial vector
rp(t) = 7([t]) + (¢ = [t))7 (6.3)

so that the coordinates for event N are 7¢(t) = (7¢(t),t)T. Of course if the particle has
indeed been travelling at constant velocity this is the actual, current location of that

particle, 7 (t), even though our field event could have no knowledge of this at that time.

We now recall, following Eq. (1.5), that the vector direction, 7, for the electric field is
given by the (spatial) difference of the location of the field point and the (presumed) location

of the charged particle

—7q([t]) — (¢ = [t])v (6.4)
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It is then quite convenient to introduce the spatial difference between the field point at

the measurement time and the charged particle at the retarded time, [], which we refer to as
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the retarded position, which of course also depends on time:
() =70 =7 ([t]) = 7+ (¢t = [tV
= [)(t) = |[7]](t) = |[7o — 7o ([t)| =t — [¢], (6.5)
= TF=[F]-[rlt=[F—r7.
where the last equality in the first line follows from Eq. (6.4) while the last one in the second

line follows from Eq. (6.2). We may then proceed further by considering the angle between the

two vectors 7 and [r], which we call «:
rcosa=7-[f]=[F—rd]-[f]=[r—7 0] =[r(l —vcosh) . (6.6)

However, we also look at the first line of Eq. (6.5), which we may conceive of as telling us
that the three vectors, [], 7, and (¢ — [t])¢ form a triangle, with [] as the hypotenuse. We
now apply the Law of Sines, from plane geometry, to this triangle. It requires that we have
the various angles “across from” various sides of the triangle. Therefore we begin with the
side created by [r]; the angle across from it is m — 6, where 6 is the angle between ¢ and 7.
Similarly, the angle across from the side with length (¢t — [t])0 = [r]¥, is the angle between [F]
and 7, which we have already labelled as «. Therefore the Law of Sines tells us that the first

line below is true:

I

. = — = vsinf = sin«
sin 6 sin «v

— 1 —1%sin?0 =1 —sin?a =cos’a (6.7)

ér'zrm:rwsa:ﬂ[?] =r—7-7]=[r(1—vcosh)| =S,
where we do not bother to put “brackets” around S—to indicate that it should be evaluated at
the retarded time—since it will always be just the retarded quantity indicated above. However,
the left-hand side of the last line is just the denominator in the electric field; therefore, an
alternative mode to write that equation is

kq(1 — v?)

E = s =il B=0xE=[f]xE, (6.8)
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where the last equality is true because ¥ = [¢] and (7 — ) x (7 — r7) = 0.

As a last property to consider concerning this important quantity, I want to show that it
is intimately related to a 4-dimensional, Lorentz-invariant quantity. We calculate the following

(Lorentz-invariant) scalar product where u is the 4-velocity of the charged particle:

0 (o —7) = /{5 7o~ 7} ~ Lt~ )} = 25 [F] 1) = @[] = 5[ F =] = =S, (69)
which tells us that our important (retarded) denominator, S, varies under a Lorentz transfor-
mation inversely to 7,, so that their product is an invariant. We also note that the 4-vector
created there, namely [7] = ([7], [r])T is of course the 4-vector tangent to the path of the light
ray that propagates from the retarded event to the field event. We could also use this, now, as a
way to rewrite, yet one more time, the form of the electric field; however, it will be much more

useful in a few minutes when we begin to consider the form for the electromagnetic 4-vector

potential function, A.

We begin in the frame S’, where the charged particle is at rest; there we know that Ais
zero while V'’ = kq/r’. In that frame we also know that @ is zero, which implies that u* = +1,
so that one could write A = V'@ and it would, at least, be true in this rest frame. On the other
hand, this equality has the appearance of a “tensor equation,” since there are 4-tensors on both
sides, in which case it would be true in all frames. However, in order for this to actually be
a tensor equation, the quantity V'’ must be a scalar. Let us consider that thought: Obviously
k is a scalar, i.e., it is just a number. That the charge ¢ is a scalar is an (experimentally-
verified) assumption of our theory. On the other hand, " is the same as the quantity we were
considering in Eq. (6.7), where we showed that it was the same as S, while we also showed
that ~§ is in fact an invariant. However, of course, v = 1 in the rest- frame S’ so that we may
now postulate a correct tensor equation defining the 4-potential in any frame: For a particle
with charge ¢ moving with velocity v, we have the following, in an arbitrary frame, where, of
course V is the associated scalar potential and 6 is the angle between 7 and v:

i kg _ ki

i B kqgu kq

= —Uu=—-——u=—= = u
yr! S u - [r] yry/1 —v2sin? 6

kq (6) :V(U) .
rv1—v2sin®0 1 1

(6.10)
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Having “created” this 4-potential, it is worthwhile to actually prove that it does generate
the desired electromagnetic tensor, Faraday. It is intended to do this calculation without
assuming that the velocity is constant; nonetheless, it will turn out that the final result splits
nicely into a part proportional to the velocity and another part proportional to the acceleration.
Therefore, hopefully, for ease of understanding, this will be done in two parts: first, with the
velocity still constant, and the calculation done in 3-space with fairly ordinary mathematical
techniques of 3-vector analysis; and, then, the calculation will be redone, allowing the velocity
to vary, with that calculation being done with techniques of 4-vector differential calculus and

differential forms.

Considering now the case of constant velocity, we note that A is basically determined
by the potential function, V, which contains r and sin®#; therefore, we need only seriously
consider the calculation involving those quantities. Furthermore, we only to calculate VV

since, from Egs. (5.10), the two quantities needed may be written as
VXxA=VxVi=—-txVV, A=—-.-VA=—5{@-VV)=—-0*5-VV)o, (6.11a)

where the calculation with the time derivative notes that V' depends only on [7] = 7y — 7 (t)

which depends on ¢ only through the motion of the charged particle. This tells us that

ov([r]) _dr] oV _ 7YV . (6.11b)

ot dt o]

Therefore we proceed as follows:

N I; — 7T v —cosOr
Vi=13, Vr=7, Vi=——— — Vcos=0-Vi= ——— |
r r

Vsin?0 = V(1 —cos?#) = —Vcos? = —2cosOV cos b,

—0v2) (=2 H— P
= V(r\/l—v2sin29):\/l—vzsin29f+%r( v7)(=2086)(6 — cos H7)
rv1—v2sin?6

— VV = 1?0 {(1—v*sin®0)7F — v? cos® 07 +v? cos 00}

(1 — 0?7 +v?cos O
r2(1 — v2 sin® §)3/2

(6.12a)

21



Therefore,
1 —v?)cosf + v cos? §

A 20n - o
A= —v*(0-VV)o=w "2(1 — o2 sin® )72 )

(6.12b)

which gives us an expression for E where the terms in 9 all cancel so that we obtain the

expected results:
- (1 —v?)7

E:k _B‘:_’XE’.
qr2(1 —v2sin? 9)3/2 7 ?

To proceed further, I propose to work with the 4-vector formulation of A as given in
Eq. (6.10). [I should note that this discussion follows that in Anderson’s text, The Electromag-
netic Field.] The spatial and temporal derivatives of A are needed, as shown in Eq. (5.10), to
determine the electric and magnetic fields. This derivatives are the rates of change as we vary
(the spatial and temporal parts of) the field event, which we have labelled as 7. Therefore,
although we will simply write V and 9/0t, we really mean something more like V and 0/0ty;
this distinction will occasionally be of some importance to see our way clearly. In addition,
since A really depends both on 7y and on 7,([t]), we have to pay careful attention to the fact
that 74 ([t]) will vary as we vary 7o; therefore, we will exercise some care below to determine

the value of the derivatives of the one with respect to the other.

It is also worth noting that, if we intend to let the velocity vary, at the field event, the
only velocity we can know, as propagated to us by some device which can move no faster than
does light, is the velocity of the particle back at the retarded event, so that the velocity in our

equations will now be denoted by [¥/].

The goal of the next several paragraphs is now to determine the derivative of 7, ([t]) with
respect to 7p. Proceeding ahead we first note that [7] depends on time only through [¢], so we

may write

o) _olrl_ (40 (8@) (1) (). 6,130

ot ot dt ] dt [r]

However, we also know, because of the transmission via light rays, that

t—f] =[] — %: —%. (6.13)
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This gives us two linear equations for the two unknowns, d[t]/dt and J[r]/0[t], which may be

solved immediately to obtain

a[r]_ L d[t]_ 1
ot L—-1" dt L—-1"
_ [7]-[7] R R I 2 B A )
where I = 5 —1-7 m{[] [7] - [F]} ] ok (6.15)
dit] ] and o] _ o] [r]
dt S’ ot S

Now, since 7, ([t]) depends on [t], which depends on 7, and therefore on 7, while [r]
depends on 7 directly and also through % ([t]), we need to calculate appropriate gradients of

our quantities as well:

V[t = V(t = [r]) = =VI[r],

Vil = T+ (v 5 = -7 D
7] . oF) _ .  [FlIE)T
= V[ = TGS —V([tland V[F] =13+ (v[t])m =L+
) _ o=l _ ()11
ot ot ot ) S’
(6.16)

where in the very last calculation above, of course V really means the derivative as you change

the location of the field point, only, i.e., Vy, so that /0t requires that 7 is held fixed.

We now want to summarize the above in a useful form. This is most easily done by using
the notation 0 = (V,0/0t) = 0, = 0/0x* to indicate the 4-dimensional gradient. (Note
that the exterior derivative may be written in the form d = dz*0,. so that we are actually
dealing with the components of the “1-form-like operator,” d.) We have

1 _ (L[]S [F/S L ][]
W =" pays 1-pys) M RE
) (6.17)
[ruu”]

or Our’] =6+ —+— :6“——[T“u ]

I (VA
Since [r] =79 — 74([t]), and our derivatives are actually rates of change as 7 varies, we would

expect the result, above, to be of the form 6% — d,,[r"], which allows us to identify a quantity
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we will soon need explicitly, namely

[ru”]
[Tnun] ‘

0,1(7);) = (6.18)

Now we have enough background to calculate the derivatives of the 4-potential, A =

Z(?O,?q([t])), where, as well, [t] = [t](7). As already noted, the derivative of A contains two
terms:
- ~ o -
Oud = (0,4) 07 (5o ) A . 6.19
" " Tqconstant + ( H[rq]) (8(7‘[1)”) ( )
When Eq. (6.18) is inserted into the second term above we have a part of it that contains
0 dry 0 d
v — = 6.20
Y ory <d7’> (87“5) dr’ ( )

where 7 is the proper time measured along the trajectory of the charged particle. As well, we

easily see that the first term of Eq. (6.19) is

67““(%): kalullu,] (6.21)

"\l (ro=7g)l)  [u- (o —79)]?

Therefore, we can put it all together to obtain a fairly simple formula for the (4-dimensional)

gradient of A:

o (] ) d () \\_ —ke d [
A=l - (@) | = FRa e (6:22)

where the last equality comes from (d/d[7])[r] = (d/d[7])(ro — [rq]) = —[u].

At last we may now take the skew part of this quantity, i.e., use it to calculate d 4, which

is the Faraday:

B kg d [rpu, —rouy
B = e = ps1an] r
_ . kg d Ay ke dzAay
o == i = s e

Although this is indeed a rather nice, simple form, now we must actually calculate the derivative

(6.23)

along the worldline. We know that [dr/dT] = —[u] and that [du/dr| = [a], so we obtain

(6.24)




To study this further, we note that, when the value of S is inserted into the numerator,
it splits easily into two parts, one which exists even when the acceleration is zero, i.e., when

the velocity is constant, and the other which is linear in the 4-acceleration:

EEFvel+Faccv

= kg | LK S=—i-7
Evel— — Kq (’78)3 ) Yo =-—-u-r, (625)
7 (ug — au) A L T (WAG)AL
Eacc: _k:Q|: :| = —k |: :|
(vS)3 (vS)3

In the process of doing this we have defined the “dot product” of a vector and a 1-form, and
even the dot product of a vector and a 2-form. The dot product of a vector and a 1-form is of
course the same as the action of that 1-form on that vector, or any number of ways of saying
the same thing: 7 - % = u(7) = u, r*. This sort of action is then extended to the 2-form by
remembering that it is the skew-symmetric sum of the tensor product of two 1-forms; therefore,
in each one of those two parts we allow the 1-form “nearest” to the vector to “contract its

indices” with that vector, i.e.,

al(fA7) = (B(@) - (2a))f = (Buet)Y = (uat)B=a-(BAY). (6.26)

This is more often denoted as a “step product” because of the symbol on the far left.

Having this very simple form, we can first notice that the two powers of r in the numerator
cause this field to decrease only as 1/r as the magnitude of r becomes very large, which is
what we expect from a “radiation field,” i.e., a field that manages to “survive” at very large
distances when integrated over an entire sphere. However, it is also probably useful to pull out
the electric and magnetic contributions separately from this form. To do this we must recall

the 3 + 1-decomposition of several different 4-dimensional quantities:

wp =y ug ==y, [r] =i, [rad = =[], @i =7"G —asvi, aa = —'(a@-7),

BY = ini*p, | E;=i(Fiu— Fy),
— [F-a]=[A(7-da—~*7-as)].
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We may then pull out the part of the Faraday, in Eq. (6.25), that we need for the electric field:

- k
Eachﬁ[ V8@ O)F + 4 Srda+4°Sr(d - 0)7 + 4@ - 7 — Sy*a - T)(—F + ro)]
kq 5.7\ g = =\ kq — — — —
=3 (@-rv)f—Sra—r(a-r)v) = ﬁ[r x {(F—rv) x a}]
- — . k k
E:Eve1+EaCC:S—Z{[I—UQ—I—C?-H}F—S—Z[TJ], S=r"=rv1—1v2sin0.

(6.27)
Remembering that [ — r0] = 7, the vector pointing toward the field point from that point
where the charged particle would have been if it had travelled from the retarded event to the
current time with the velocity it had then, we see that there is indeed another contribution to
the electric field in that same direction—although proportional to the acceleration—and also a
contribution in the direction of that acceleration. As well we can even more easily see that the
magnitude of the accelerated portion of the field does indeed decrease like kq/r as r becomes

very large while the non-accelerated portion of course decreases like kq/r?, all as expected.

Now we want to determine the magnetic field associated with this form of the Faraday:

53 kq K] jud = - — — —
(BaCC)k = - Wﬁlﬂ [ 387”1(% +7%(a - U)vj) ++%(@-F—~°Sa- o) 7’ivj]
kq oo - (@77 x 7
=~ [era rxv} (6.28)
or B)acc:[f] XEacc:_%[ XCY‘}‘(C_I:F)TX/U] 5

or §:§VQ1+§3CC:[f]XE.

where we had to use a cross-product identity to justify the form above, namely —[7] x [(a -
M7 —8rd—r(d -r)v] =[S7¥xd+ (a-7)7r x U]. We see immediately that the magnetic field
of the moving monopole charge is always perpendicular to the electric field, as expected since
there is no magnetic field in the rest frame which causes the invariant E - B to vanish. Since
B is perpendicular to [7], the other invariant also vanishes for the accelerated fields, i.e.,
B2 _—E? = = 0, as one would expect for the fields far from the source, trying to behave like

acc acc

true radiation fields.
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