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Introduction to Spinors 19 November, 2001

Initial Relation to Spacetime

We begin with the bundle of tangent vectors, or 1-forms, over the standard (4-dimensional)
spacetime. Each section of this bundle, i.e., a (C'°°) choice of a tangent vector, or a 1-form, in
the vector space over each point (of some neighborhood) of that spacetime, has 4 (real) degrees
of freedom. We have been presenting those degrees of freedom via the 4 elements of a real,
4 x 1 (column) matrix—or, alternatively, via the 4 elements of a real 1 x 4 (row) matrix. Yet
a different alternative is to use the 4 real degrees of freedom embodied in the elements of a
complex-valued, 2 x 2, Hermitean matrix. If, for instance, we begin with a very simple 4-vector
for coordinates, z, then the following is a presentation as such a matrix:
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As this is quite a different way of presenting these 4 degrees of freedom, we anticipate that
this method will open up new ways of looking at them. We begin a search for such new ways by
first looking at the (squared) “length,” of our 4-vector. As it is given in Cartesian/Minkowski
coordinates, the spacetime interval associated with it is just 72 = 22 +y? + 22 — 2, which turns

out to be the same as the negative of the determinant of the matrix presentation:
T He =2t n,, 2" =n@,7)=7-7=—det X . (0.2)

A second thing we notice is the appearance of the form of the standard 3 Pauli o-matrices. By
appending to them the 2 x 2 identity matrix, I5, we can create a set of 4 (generalized) Pauli

matrices, appropriate for 4-dimensional spacetime:
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We can also use this approach to create a matrix form of the 4 basis 1-forms, say, for spacetime,
or the basis tangent vectors. Using the current approach, with Cartesian coordinates, we may
simply differentiate the earlier equation for X to create a basis for 1-forms, and use partial

derivatives with respect to those variables to create the reciprocal basis:
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where, even though we are in fact considering only the coordinate basis sets for each of these, I
use the symbols w and E simply to remind us of what sort of objects are being described, and

also where the product used in this determinant is the symmetric part of the tensor product

of two 1-forms, appropriate to create the metric tensor which is a symmetric, type [0,2] tensor.

We also need a reverse mechanism: Given an arbitrary Hermitean, 2 x 2 matrix, how do
we find the associated (real) 4-vector? Although in principle one may clearly do it “by hand,”
'tis better to have an algorithmic approach, which we create by using the properties of the

traces of the Pauli matrices:
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One of our most important interests in our study of tensorial objects over spacetime is
their behavior under Lorentz transformations. Therefore, we must determine how the action
of a Lorentz transformation acting on = influences the form of its 2 x 2 matrix presentation,
X. One might easily suppose that the action on a matrix would be by some matrix trans-
formation equation, i.e., if 77 = LZ we might expect that there exist some 2 x 2 matrix, A,
dependent on the choice of L, such that X’ = AX AT, where we have inserted the matrix A
on the side opposite to A since this is necessary to preserve the Hermitean character of X.
Moreover, since the (4-dimensional) interval of Z is proportional to the determinant of X, and

Lorentz transformations preserve that interval, we must preserve the determinant of X under
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this transformation, i.e., we must insist that det(AA") = +1. In principle this allows the de-
terminant of A to be some phase factor of modulus unity; however, as that extra phase factor
would not appear in the form of the transformed matrix, it is not very useful, and we throw it

away and summarize by saying

T'=L7 =— X =AXA", and detA=+1. (0.7)

Notice that an arbitrary 2 x 2, complex matrix has 8 (real) degrees of freedom, and
the condition that its determinant should equal +1 is 2 real constraints on these quantities,
leaving us with 6 degrees of freedom, as is desirable for the 6 degrees of freedom of the Lorentz
group. [These groups of matrices have standard names. The group of matrices of the form
A, above, are referred to by the name SL(2,C), which stands for the set of all 2 x 2 complex,
invertible matrices with determinant equal to 41—this requirement on the determinant being
the meaning of the S in front of the rest of the name. On the other hand, in this notation
the (usual) 3-dimensional, proper rotation group is referred to by the name SO(3,R), while
the Lorentz group is often called SO(3,1), since there are 3 spacelike directions and 1 timelike
direction. It is also quite common not to write R in the rotation group, that option being
the default. This is even more true in the case of the Lorentz group, because the distinction
between spacelike and timelike vectors is one that is lost when you allow general complex-valued

transformations.]

Now, we may identify those 6 degrees of freedom much more precisely by proceeding, as
usual, to look at the properties of the Lie algebra of generators of those elements of the group
that are not too far from the identity transformation. Writing out the matrix A = e? in terms
of its generators, and remembering the requirement that +1 = det A = €' ?, we see that
the only requirement on () is that it should be traceless, i.e., have trace equal to zero. The
standard Pauli matrices form a basis for all 2 x 2 traceless matrices; i.e., we may write any @)

in the form of @ - &, where & is a 3-dimensional vector, with complex components. In order to
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calculate this exponential we need to know how to multiply the Pauli matrices: the product of

two arbitrary Pauli matrices may be written in the form

-, -

(@ -3)(b-3)= (@ -b)ly+i(@xb) -G

(0.8)
— (@-7)?=0a’I, and &(b-&)=bIly+ibxd.
Therefore a transformation matrix not too far from the identity would look like
A=e?=e%% = (cosha)I, + (sinha)a - @, (0.9)

and the actual transformed Hermitean matrix would have the form
X' = |cosha|* X +sinha (& - 7)X + (sinha)* X(&* - &) + |sinh a|*(a& - &)X (&% - &) . (0.10)

We may now take the trace of both sides of the expression, keeping only terms to lowest order

in |a, which will give us, using Eq. (0.6):
t'=-LlauX =t—(@+a") 7+0%]a). (0.11)

Knowing that a Lorentz boost would mix ¢ and ¢ - ¥ so that ' =t — ¥ - Z, to lowest order in
v, while a rotation would leave ¢ invariant, we may see that twice the real part of & should
correspond to U, while the imaginary part must correspond to rotations since it would leave ¢
invariant. On the other hand if we now first multiply Eq. (0.10) by ¢ and then take half the

trace, and keep terms only to lowest order in |a|, we will acquire
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=7+ itr{aX +i(a@xNX+a" X—iX(@ x3)}+0%(al) 012
=7 —(@+a)t+i(@d—a*) xz+0%*(al) .
Again we see that it is the real part of @ that generates mixing of ¥ and t, i.e., that is an

infinitesimal part of a boost, while, now, we see that the imaginary part generates rotations.
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More specifically, if we decompose @ into its real and imaginary parts we may identify things

as follows: @ = @+ ib = 5{\0 — i0é} so that the transformation is parametrized by

A 0 - =~
We now consider what happens when we perform two such transformations in a row: let

A; correspond to L; so that
T =L 7 =017 <= X' =AXAl = A (A;XADAT = (4, 45)X(A4142)T, (0.14)

which tells us that A;As corresponds to LiLs. This last requirement is what is needed to
satisfy the definition for a representation of a group of transformations. Therefore we may
conclude that the set of all the 2 x 2 matrices {A = e¥?} constitutes a representation of the
(proper, orthochronous) Lorentz group of transformations, which we could make more definite
by using a symbol D for this mapping; i.e.,

R(0;¢) =e%¢d and D[R(0;é)] = e~"0/2)&7

A B (0.15)
B(0) =e**¥ and D[B(?)] = eN?"7

This representation has some peculiarities that should immediately be pointed out. They
arise for two, related reasons. The first property is that the action of the matrices D[L] is
quadratic so that the action of +D[L] on X is exactly the same as the action of —D[L]; this
means that the representation in question is not faithful, but, rather, two to one: for every
Lorentz transformation, L, there are two independent 2 x 2 matrices, +D|L], which correspond
to it. We would of course prefer to “normalize” this question by choosing the 2 x 2 identity
matrix, I, to be the representation of the identity Lorentz transformation. Then, as § and/or
A vary, continuously, away from zero, we would continue to choose that positive sign, at least

as long as possible. What we will see below is that this does lead to some trouble.

Secondly, because of the “extra” factor of one half in the representation, we can immedi-
ately see that the representation of a rotation by angle 27 is not quite what we would have
expected:

DIR(2m;é)] = e” ™% = cosnly —isinmé -G = —1I . (0.16)
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Therefore if we begin at the identity Lorentz transformation, and choose the 2 x 2 identity ma-
trix as its representation, then the representation of a complete rotation “all the way around,”
i.e., by angle 27, about any direction, is represented by the negative of the identity matrix.
Of course, it is obviously true that if one rotated by angle 47 he would indeed come back to
the identity matrix again. This is the way that this 2 — 1 mapping works so as to include all
the elements on both sides: there are actually twice as many elements in the group SL(2,C)
as there are in the Lorentz group, SO(3,1)! This of course does not cause a problem with the
actual action, on spacetime viewed as components of 2 x 2, Hermitean matrices, as described
above, because it is a quadratic action. Nonetheless, when we consider linear actions, on the
underlying 2-dimensional, complex vectors on which these representation matrices could be al-
lowed to act, they will have the property that a complete rotation, by angle 27, of the physical
system—if any—which they represent would nonetheless change the sign of the representing

vector!

Fundamental Spinor Spaces

Since we now have an action on 2 x 2, Hermitean matrices, which is quadratic in the
fundamental representation matrices, we wonder if there is any meaning to the underlying,
2-dimensional, complex vector space on which these various 2 x 2 matrices “live” as linear
operators. We take the basic 2-dimensional vectors in this space, say &, as quantities on which
the action of the matrices D(L) would take them from being viewed in, say, a frame S’ to
how they would be viewed in the frame S, those two being related as usual by the Lorentz
transformation L, with £ = D(L)¢’. These objects are called spinors. As mentioned above,
if there are any physical systems which would have its properties described by such objects,
then when that system is rotated all the way around, and so returns to its original state, the
2-dimensional, complex vector, i.e., the spinor, representing its properties will have its sign

changed.

It is customary to describe a spinor in terms of its components with respect to some

chosen basis, that basis often never being discussed further. Therefore, we refer to the space
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of all spinors by the symbol V2 and we denote the components of an arbitrary element of
this space by a symbol such as {{* | A = 1,2}. [Sometimes the basis is described by giving
names to a particular pair of non-parallel spinors.] Since these components are complex-valued,
we suppose that the basis in question is real, and create a “complex-conjugated space,” VQ,
with elements described by {¢* | A = 1,2}. For a given, particular spinor, these two sets
of numbers are complex conjugates of one another, i.e., £4 = €4, with the overline meaning

complex conjugation as usual.

Since the spinor spaces are certainly examples of vector spaces, it is reasonable that there
should be associated with (each of) them dual spaces, which we label V2 and V,2. In order
to preserve the Einstein summation convention, that causes implied sums when there is a
repeated upper and lower index, we use the notation £, and £, to refer to elements of these
spaces. However, since in ordinary spacetime the existence of the metric tensor allows us to
create a mapping that maps tangent vectors and 1-forms—dual to one another—into each
other, we might wonder if there is not also some appropriate mapping in the spinor space that
allows this. Just as in an arbitrary manifold, we do not really expect this to happen in all
cases; nonetheless, we know that the important quantity, that describes lengths in the case of
Hermitean matrices over these spaces, is the determinant. In just 2 dimensions the Levi-Civita
symbol, €,5, which creates determinants, has just 2 indices, so that in fact it could also be
used as a mapping sending £* into £,. Since we have restricted our transformation matrices,
acting on V2 and on V., 2. to have determinant +1, such a map would preserve the values of

determinants involved.

It is therefore usual to suppose the existence in each of our 4 (2-dimensional) vector spaces,
of a numerical, index quantity, a Levi-Civita symbol, each with exactly the same numerical
values for their components, namely +1 when the components take the (ordered) values 1,2,

—1 for the values 2,1, and 0 otherwise, i.e., 0 along the diagonal:

0 +1) —— AB _ _AB

€Eap = €Eip —= (_1 0

(1.1)

— e =02 = (enp) = —c
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We then use these matrices as a metric in that they map spinors to the corresponding dual
spinor, and vice versa. Since we intend to consider only transformations with determinant
equal to +1 in these spaces, those transformations always preserve these Levi-Civita symbols,
so that they play a distinguished role that is very similar to that of the standard spacetime
(Lorentz) metric. However, because this symbol is skew-symmetric, rather than symmetric, it
is important to be very careful when using it to “raise” and “lower” indices; the convention

for these rules that I use is the following one:

£AE€AB§B7 §CE€DED07

= (e) = (&) o= (%) -

along with the same rules for “dotted indices.” [Some people use the opposite convention!]
It is therefore true that the invariant sum of the components of a spinor and its
dual, i.e., Fy F*, is always identically zero, while for two, non-parallel spinors we

have F,G* = —F*G,.

The action of the elements of the group SL(2,C) on our spinors is then given simply by
§F = AR £ (1.3)

However, there are now apparently two different ways to anticipate the correct behavior under
transformations of the dual spinor, coming from its two “different” roles. Since the dual spinor
should map a spinor into a complex number, i.e., a scalar, we should anticipate that it would
transform according to the inverse transformation matrix. On the other hand, since we have
insisted that we may use the Levi-Civita symbol to map spinors to dual spinors, it should
be that we can create the appropriate transformation behavior by using “lowering operators,”
i.e., appropriate (2-dimensional) Levi-Civita symbols on both sides of the previous equation,
Eq. (1.3). It turns out that the constraint that the transformation have determinant of +1 is
the same as the statement that these two approaches give exactly the same answer:

€rs ATp A% = €pp(det A) = (+1)épr = €pp

= eps A% p = €np (A_I)FS = e AT, "¢ = (A_l)Gs = —A°.



II.

But, now, we begin with Eq. (1.3) and multiply both sides by €gp:
s =esn A E" = eon Ap P bo = ens ATy 760 = (AT Ec (1.5)

The same sorts of statements are of course true for the “dotted” spinors, using the “dotted”

transformation equations:

gr=A%¢, &r=(A"%¢& . (1.6)

Spinors with multiple indices

Having these 4 sorts of spinor spaces, we may then create many sorts of tensor products,
which would contain quantities with components such as F*?, G*5, Cuascp, Ragen, and, of
course the Hermitean tensors we have already considered, X*Z, where we now re-consider
further the mapping between Hermitean, 2nd-rank spinors and 4-vectors, or 1-forms, in space-
time, from §0. (We will see that several of these other sorts also can play important roles in

studies of physical phenomena.)

Beginning with the individual spinor spaces, there are several different ways to create an
Hermitean spinor from a simple, 1-index spinor. We first attempt to further understand the
meaning of the indices on the (Hermitean) tensor above, X4 by beginning with k* as an
arbitrary element of V2. Using the corresponding complex-conjugated, or “dotted,” spinor,
k* = k4, we may immediately create the following Hermitean matrix, i.e., 2nd-rank spinor,

which we immediately note is Hermitean, but the real 4-vector to which it corresponds is null:

K% = k*k? = kP = kAk? = kPkA = K54 |
(2.1)
= detK - €A0KA1KCQ — €AckAkika'2 - O ,
and the last equality is because € 4, which is skew symmetric, is being multiplied by the same
quantity on each of its two indices, i.e., eack?*k® = 0. Therefore the corresponding 4-vector is

of zero length, i.e., a tangent vector to the trajectory of a light ray! In order to create a more

general sort of Hermitean spinor from 1-index spinors, we will have to have two of them that
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are not parallel. Therefore, suppose that k% and ¢” are two non-parallel spinors, where the
requirement of not being parallel is the same as the mathematical constraint that k¢, # 0.
Then, there are a couple of simple ways to create an Hermitean spinor from this pair. The first
method begins with a non-Hermitean, 2nd-rank spinor, such as k4¢?, and takes its Hermitean
part. As the spinor is complex, and therefore the associated 4-vector is also complex, we may
imagine this process as being quite the same as taking either the real or the imaginary part of
that 4-vector. This is completely analogous to beginning with an arbitrary complex number,
z, and taking either the real part, (z 4+ Z)/2, or the imaginary part, (z — Z)/(2i). To describe
this for such a matrix it is useful to have a simple scalar to play either the role of +1, for the
real part, or +i, for the imaginary part; therefore, we define the quantity € such that 2 = 41,
and then consider the following;:
XAF = g(k0P £ 07k")
— —detX = — Jeacesp X" XP = —Lescepp (k0P £ 04 kP)e(kOL° £ k7)) (2.2a)
= =12 {E(k" L) ((Pkp) £ (' ka)(KP0p)} = +|K 047
The calculation above shows us that the (associated) length of the 4-vector, Z, associated
with the Hermitean spinor, X, is real and also positive. This tells us that 4-vectors created
in this way from a pair of 2-spinors will always be spacelike; therefore, there must surely be
another way to create such Hermitean spinors. Of course there is; instead of looking for real
and imaginary parts of complex-valued 4-vectors, instead, we take linear combinations of null
vectors, directly:
X% = kKD £ 0007
— —detX = — Seacepp X*PXP = —Lescenn (kK £ 0°07) (kKD ££907)  (2.2D)
= F{Ik 0l + 1k *y = FI (R0

so that this method allows us the option of creating either timelike or spacelike 4-vectors.

We may therefore begin with two arbitrary, non-parallel 2-spinors, such as k* and ¢7, with

k¢, # 0, and create the 4 basis vectors needed for tangent vectors, or 1-forms, in spacetime.
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Such an approach is often very useful when considering eigenvector problems! Although they
are in principle arbitrary, there is no obvious reason why we should not normalize them in
some convenient way; therefore, we choose to normalize them so that k*¢, = +1. We may

then immediately create a linearly-independent set of basis 1-forms, all of which are null:

kaks @, L= 5lils @', m= Skalyw'”, laks @™, (23)

k

3
Il

1 L 1
V2 V2 V2

where the minus sign in the definition of § makes later signs much more convenient. However,
since the matrix, k*¢? is not Hermitean, we see that m is complex; this is of course expected,
since it is impossible to find 4, real-valued, linearly-independent null vectors in our spacetime,
i.e., a 4-dimensional space with 3 spacelike directions and 1 timelike one. [There are various
naming conventions here: some other people use ¢, n with 1 as the complex one, while yet
some others follow the original names created by Sachs, which are , m, with ¢ as the complex

one.|

Since this is an all-null basis set, it is desirable to relate to a more standard, “orthonormal”
choice of basis set for 1-forms, made of 3 orthogonal, spacelike 1-forms and a single timelike
1-form also orthogonal to the spacelike ones. The calculations just above, showing how to
make spacelike and timelike vectors from the spinorial forms of null vectors, can allow us to
do that, which we will do just below. It should, however, be pointed out again that there are

very many conventions on exactly how to do that; I follow one originally chosen by Debever

and Plebanski:

N
Py
0>
+
23/
v&

Il

S
Py
I

|
)
—~
[
B

These definitions may be put into the Hermitean matrix in Eq. (0.5) describing the basis of

1-forms in terms of an Hermitean matrix, and we may also put them into the definition of the
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metric, to give its form directly in terms of null vectors:

(W _ gt g?
e=va(y B) = %)
= —dettgzgzyaggo‘@gﬁzm®@+@®m+h®£+£®ﬁ,
0 +1 0 0 (2.6)
+1 0 o o) i Ty
0 0 0 _|_1 _Vaﬁ_nMV(L ) a(L ) ﬂ?
0 0 +1 0

where, as before, the product used in taking the determinant is the symmetric tensor product.
Any particular choice of 4 basis 1-forms (or basis tangent vectors) is often referred to as a
tetrad; in the one case a Minkowski tetrad—when the metric is presented by 7,,—and a null

tetrad in this other case when all the elements have 0 length.

Because of the non-diagonal nature of the metric in this null basis, raising and lowering
indices requires some little care. As a simple example, if W is a particular 1-form, say W/ =

ak+ 8w =ag’®+ 3g! = W,g", then the corresponding tangent vector, W = W" g, =

a0y + o2, where we have used the symbols o, to indicate the reciprocal basis to g".

One may write the transformation above may in the form of a transformation matrix,

which is sometimes helpful:

a m +1 + 0 0 dx
. o2 m 1 +1 —i 0 0 dy
o _ Jo Iz ~ =~ |z _—_
g8 = Lhdet, i | gs [ = ) Blo o 41 41 |dz]
gt 14 0 0 +1 -1 dt

+1 +1 0 0
i 4+t 0 0
0 0 +1 +1
0 0 +1 -1

or dat = (L™ "),g®, with (L7h)H, =

~

Sl

(2.5)
The determinant of this transformation matrix is given by det(L~1) = —i. This fact is of course
needed to determine Hodge duals of various p-forms when presented relative to this (null) basis
set. In particular, self-dual, and anti-self-dual, 2-forms are useful physical quantities; therefore,
we now show that such 2-forms are represented by symmetric, 2nd-rank spinors. To see this,

we begin by considering wedge products of our basic matrix-valued 1-forms. This should give
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us 2 X 2 matrices, with entries which are individual 2-forms, with the intent of creating basis

sets for 2-forms:
GAB

~

("NJAC/\%BC‘ %SABQ,B(;‘VJQ/\("NJB €A2 ’

Il
N[ +—

(2.6)
gAB = %%CA /\%CB = %SABOCB %a /\%,3 c A2

~

We write them out more explicitly, but use the null basis 1-forms for this presentation, since

the matrices are much simpler then:

GAB _ 2g* A g? g rng?+ag3ngt
2.7
AB 2¢* Ng? —g'rng*+aingt\ _ ap @7)
§ = _Q-l/\N2+Q-3/\q4 20-3/\0-2 :§ )

where the statement concerning complex conjugation requires us to recall that g2 and g* are
real, while @2 is the complex conjugate of g'. One immediately sees that the matrices, §45
and SAP are symmetric in their spinor indices. Therefore, each of them has exactly three
linearly-independent 2-forms between them, and there is no overlap between the two sets, so
that between the two of them they contain the entirety of a basis for 2-forms over M4, i.e.,
for A2, analogous to the way that the g form a basis for A!. There is in fact an important
extra feature to this splitting of the 6 basis 2-forms into two groups of 3. Working through the

definition of the Hodge dual for 2-forms, in this null basis, one can in fact show that

(a) x §AB = gAB 50 that those 3 are self-dual,
. . (2.8)
(b) x §4P = -84 | g0 that those 3 are anti-self-dual.
Since the two (matrix) sets of 2-forms contain all 6 of the basis 2-forms, we are not
surprised when told that the “converse” of these statements is most simply written as the
following equality:

%AB /\%CD — 6B’D§AC' 4 6AC§BD ) (29)

which allows us to split an arbitrary 2-form into two parts as follows, its self-dual part and its

anti-self-dual part, respectively:

F=31Fpw* AW’ =Fap S + Fip §*° (2.10)
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where

Fap =38 pFog=Fips (2.11)

so that
Fup §AB is a self-dual 2-form,

(2.12)

Fis §AB is an anti-self-dual 2-form.
This gives us the promised “explanation” of the physical meaning of symmetric, 2nd-rank
spinors, namely that those in V2 ® V2 are the image of the (3 independent degrees of freedom
of the) self-dual parts of 2-forms over spacetime, while those in V2@ W, i.e., those with 2

dotted indices, are the image of the anti-self-dual parts.

A choice for an explicit labelling for the 3 degrees of freedom of any such symmetric,

2nd-rank spinor, say F'ap, is as follows:

1 C+ —CO
Fyp = <

_ + _ - Y 0 _ 1z
7 e _C_), CE=CTLicY, =0 (2.13)

Since these are only 2 x 2 matrices, one may always decompose a symmetric, 2nd-rank
spinor, such as F4p in terms of two 1-spinors, k4 and £, and a scalar A, which amounts to a
magnitude:

k40, =1, so that det(Fap) #0,

Fap =2 1 ith
'AB Akalp), along wit {kAﬁA =0, so that det(Flap) =0.

(2.14)

Y

These quantities may be thought of as “eigenspinors,” with eigenvalues +\, since one has the

following obvious consequences:
FapkB =Xka | FaplB =—-\ly . (2.15)

Having such a decomposition of our self-dual 2-form, for example, we may use these two
eigenspinors to create a specially-oriented tetrad back in spacetime, following the model given

in Egs. (2.2), which puts the original 2-form in its optimally-simple form.
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ITII. Indicial Approach to the Spinor Transformation Equations

Having now more details about the place(s) where the various combinations of spinors
exist, we may now return to our original understandings of the matrices forming the spinor
transformations and put more matrix indices into those equations. We began with Eqs. (0.7),
relating the transformations of 1-forms and of Hermitean, 2 x 2 matrices over spacetime. We
now propose to rewrite those equations from an “earlier” point of view, with the fundamental
proposition that the unimodular matrices A, used in §0, are the same as the basic transforma-
tion matrices for our fundamental spinor space, V2, as described in Eq. (1.3): Therefore, our
Hermitean matrices would transform as follows, where, for example, we pick a (null) 1-form,

Y, created from an arbitrary k4 € V?2:
YIRS — | RE S = AR AS, KPEE = AT, A%, VPP
(3.1)
or, in matrix form Y’ =AY AT = AY A",

At this point a minor aside is of some value, relative to the equations describing the Lie algebra

for these matrices, A, involving representations in terms of the Pauli sigma matrices, as noted

at Egs. (0.9) and (0.13), and the equations describing the use of the Pauli sigma matrices to
form a basis set for 1-forms, already at Eqs. (0.3). In principle these two sets of objects are
quite different:

a. the basis 1-forms are objects from the product spinor space, V? ® Vz, and we used the
(standard) Pauli sigma matrices to easily say what their presentation was in a particular
frame, while

b. the identification of the generators of the Lie algebra, 6é - J + A0 - K, must clearly have
their presentation in terms of objects that live in the product spinor space, V2 ® V2, so
that the use of the actual matrices o - ¢ to describe them is again simply a reasonable
way to present the desired form of the matrices in terms of a standard, well-defined set of
matrices.

This means that there are no particular spinor indices associated to the actual Pauli matrices;

rather, we must know the physical intent/content of the objects being considered in order to
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know how they should transform. A different point of view is given by noting that although
both the elements of w*? and of (Hé -J+ M- fK)A 5 are given in terms of the Pauli sigma
matrices in a particular choice of basis, if we were to transform both of these quantities to
some different frame they would transform differently so that they would no longer appear to

use the same set of matrices for their presentations.

Returning, now, to Egs. (0.15), which gives the explicit formulation of the representations,
within SL(2,C), of rotations and boosts, the description above suggests that if the set of all
unimodular matrices, A, constitutes a set of transformation equations for V2, while the set of
all of the complex conjugates of these matrices constitutes a set of transformation equations for
the complex-conjugate spinor space, VQ, these being in fact two different representations of the
Lorentz group. Choosing a convention and agreeing that the representation usually labelled as
D(0, %) is the one given in Egs. (0.13) and (0.15), the alternative one is the complex conjugate

representation, D(3,0):

J = -ic D*,[R(6;0)] = (e~ O/ &)
D(O’%) - = ,
K= +35 DA [B(3;0)] = (T V/D09)A,
(3.2)
J = -ig D, [R(0;¢)] = (e710/D ey,
D(%,O) — — ,
K= —35 DA ,[B(0)] = (- V/D0%)4,,

where it is true that if one needed to do so, for clarity of notation, one could have written
(DO/2)4 and (D(/29)4, respectively. On the other hand, if you do believe that one
obtains the matrices for the representation D(1/2,0) from those for D(0,1/2) by complex
conjugation, as is indeed stated above, you might wonder. This wonderment occurs because o
is imaginary while the other two are real, so that complex conjugation actually does strange
things to some quantity such as © - ; however, this strangeness may be cleaned up by an
appropriate change of basis. More precisely, notice that a change of basis that amounts to a

rotation about the g-axis by angle § = 7w would change the sign of £ and 2z but leave invariant
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the sign of ¢; coupled with a complex-conjugation this would change the sign of the entire
vector, &, making it appear much less strange. Using the generic expansion given in Eq. (0.9)
and the formulation for D(0,1/2) given in Egs. (0.15), we see that such a rotation would be
given simply by the matrix io,, with inverse —io,; therefore, we may quickly write that if we
first complex conjugate the matrix elements, and then perform this transformation we would

have the following effects on the generators, and on the matrix elements:

Ox Oy oy (e—i(e/Q)é.&‘)Jy — o—i0/2)éd
oyl oy |oy=—|0o ]| . = (3.3)
Oz o oy (e+()\/2)®~5)0y — e—(A/Q)@-&

We are now ready to generalize our discussion of spinorial representations of the Lorentz
group beyond the simple, 2-dimensional cases of D(0,1/2) and D(1/2,0). It is worthwhile to
begin by re-writing some of the other equations in §0 with explicit spinorial indices. As the
matrix presentation of the components of an ordinary 4-vector, or 4-dimensional 1-form, was
made in terms of an Hermitean matrix, we anticipate that the spinorial indices on that matrix

should indeed have that character. Therefore we rewrite Egs. (0.3) and (0.5) as follows:

XAB = gt 023 = wP(7),

» dz—dt dv—idy gl g2 (3.4)
AB G __ _ = =
w T (da:+z'dy —dz—dt)_\@( )

(;QABEO'

We want now to have a simple, analytical, indicial form for the inverse of this equation, which

gives us Z, having been given X, in terms of the components of . To do this we begin by

N’

writing down some equalities relating determinant-like forms of the basic o# matrices:

+€RSUaAR O_;@BS — _T]QBEAB 4 SaﬁAB 7 §AB = é 2233 %a A uN),B = O'QARU,BAR — _255 7

—%UQAB Tacn = 04677, B Sep = 45(c D) 35 Sgg = 45(Ac' D) S5o SC =

LS9 S = 60y AN grogsr SN S5 = =205 Sy

(3.5)
where the basis forms for self-dual 2-forms, S#”, are described in the material following
Eqgs. (2.6), the components of the metric tensor g, used above may be either an orthonor-

mal or null basis, as used for the basic 1-forms, and the shorthand notations with round and
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square brackets around the indices indicate anti-commutators and commutators, respectively,
e, XYy = XY, + XpY, and XYy, = XY, — X3Y,. These equalities, and some algebra,
allow us to invert the defining formula, Eq. (3.4), as was originally desired, for an arbitrary

1-form, Y and its associated tangent vector, Y:

YM %M }N/ — _ YAB %AB — _%YAB U;‘B%“ , YAB — ‘;‘V)AB(Y) — O_AB wu(y) — Gl’jB YH .

N[ =

(3.6)

We may now describe in somewhat more detail the relation between the matrix A €
SL(2,C) and the matrix L € SO(3,1). We first set down the defining equations for an arbitrary
tangent vector, 37, the associated 1-form, Y, and for their Hermitean matrix presentations with

either upper or lower indices:

Y/H — L“a Y& , Y/y — (L—l)ay Ya — Lya Ya , Gap = Lua Luﬁ g;u/ ’
Y/ RS _ ARC ASEYCE 7 Y/ h = (A_l)CR (A—l)Esch — ARC ASE YCE‘ ’ (3'7)
N LMo LY g =00 = L= (LN or (HLH )T =L"",

tl=detA = e, A" Ay =€y = —ApM =+(AHY, or (AT =A71.

These relations allow us to “factor out” the components of the 1-form itself, from which we
may infer the equality of the action of the Lorentz transformation on the spacetime indices
of the sigma matrices and the action of the spinorial transformation matrices on the matrix

indices of those same sigma matrices:

L*, aﬁs = A" A%, 05F or L', o, =Ao, A= Ao, AT | (3.8)

Using now the equation for the trace of the product of two sigma matrices with different
spacetime indices, from the first line of Egs. (3.5), we may resolve this equality for the matrix

elements of the Lorentz transformation desired:

LFg=—L1A%, UgE Spolt or Ltg=—1tr(AogAlotT) . (3.9)

2 RS
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We had two earlier discussions using two basis spinors, k% and ¢#. We could use them
to create a null basis in spacetime, as discussed following Eqs. (2.3), and, also, we could use
them to determine a complete set of eigenspinors for an arbitrary symmetric, second-rank
spinor, as in the discussion near Egs. (2.14). We may now use that same thought to create a
somewhat different parametrization for the Lorentz transformations. In both those cases there
is an ambiguity that arises in their choice: Having chosen some such pair of spinors, one still
has the freedom to change to a new pair, K/, and/or ¢, related to the original ones by any
one, or more, of the following transformations:

( ki =ek
AU:{ZAA’:e"i:’ ,

/
. . A = kA
A: {A,: {zA' PRSI (3.10)

An:{kA/:kA_nlA

lA/ = lA

Treating each of these 3 parameters as a complex number, this gives us a parametrization
of a 6-real-parameter group, identifying the ambiguity with which we could have chosen this
pair of spinors so as to constitute a spinorial basis, and, thereby, a null basis for spacetime.
Therefore they constitute 6 degrees of freedom for the choice of such a basis, which corresponds
to degrees of freedom for Lorentz transformations, since they preserve the character of a basis
set. Each of these transformations has the property that it preserves some 4-vector of zero
length, while the standard “rotations” and “boosts” preserve each preserve two vectors, one of
which is spacelike and one timelike—for rotations—while for boosts both of them are spacelike.
If we choose the unprimed versions of these two spinors as a basis for spinorial matrices, then

we may write down the 2 x 2 matrices associated with these 3 sorts of Lorentz transformations

as follows: )
A, = (60 600> , o-transformations, for o € C
A: A, = <é —1/)) ) p-transformations, for p € C (3.11)
1 0 :
Ay = o1 , n-transformations, for n € C
\

19



Of course we can use, for instance, Egs. (2.3) and (2.6) to move these transformations into
spacetime. Perhaps the simplest way to do this is to write them in a matrix format that makes

changes on the null basis sets for 1-forms, g©:

( eQiIm(U) 0 0 0
o 0 6722'Im(a) 0 0
7 0 0 2 Rel@) 0
0 0 0 e 2Relo)
1 0 —p 0
« (e 14 O 1 - 0
g =1 g =10 o 1p 0 (3.12)
p P —pp 1
1 0 O —n
01 0 -7
Ly=|_ _
K non —nn 1
\ 00 0 1

One sees that the o-transformations amount to re-scalings of the (affine) parameters along the
null directions, while the other transformations are of the form as to preserve one of the real

null-directions while “rotating” all the other directions “around” that one.

Another interesting comment concerns the generators of these transformations. Hopefully
it is straightforward to see that if we write any one of these transformations as the exponential

of its logarithm, i.e., we write L; = e9?, then we have

0 0 0
—o+0 0

0 oc+0 0 ’

0 0

Q
Q|

o o O |
o

Qa =
—0—0

0

—p

p 0
Q, = o , (3.13)
0

Qn:

IJ oo OO0 O
oo oI oo o

3
e
jen)

The re-scaling transformation has a generator which is diagonal, in this null basis, while the
other two are “parabolic” in the sense that the exponential series terminates after the second-

order term since the cube of the generator vanishes.
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IV.

Higher-order Representations of SL(2,C)

A different way to create the original, 4 x 4 matrix, transformations on spacetime from
the 2 x 2 spinorial transformations is to start looking at higher-order spinor transformations.
We have already described carefully the two basic representations, D(0, 1/2)—corresponding
to transformations on V?—and D(1/2,0)—corresponding to transformations on V2. We may
therefore begin to take various products of them. The representations D(0,n/2), for any
integer n, correspond to transformations acting on spinorial tensors with n indices, completely
symmetric under interchange of any of them, such as, say, Fy, 4,...4, . These spinors must be
symmetric because any pair of skew-symmetric indices in spinor space can only really take on
one value, either 1,2, or 2,1, and, therefore, must be proportional to the Levi-Civita symbol

there. We can demonstrate this easily, using, first, a second-rank spinorial quantity:
Zap =% Zan+Zpa) + 5 (Zap = Zoa) = 5 (Zan + Zoa) + 5640 <" Zop . (4.1)

This tells us that that portion of a tensor that has a pair of indices for which the tensor is
skew symmetric must be proportional to just the Levi-Civita symbol, with the proportionality
actually being the trace, e*? Z, 5. As well, it is clear that, in a 2-dimensional space, a non-zero
tensor cannot be skew-symmetric on an entire triplet of indices; therefore, we can always reduce
an arbitrary n-th rank spinorial tensor to one which is totally symmetric in all n indices, plus
some others which are products of some number of Levi-Civita symbols multiplied by tensors

of lower order, i.e., of order n — 2, n — 4, and so forth.

An entirely other way to approach this question comes from thinking about the represen-
tation theory for our transformation group. Since all the matrices have determinant one, the
Levi-Civita symbol is actually an invariant tensor, and therefore may be said to correspond to
a 1-dimensional representation, D(0,0), where every such transformation in the original group,
SL(2,C) is represented by just the scalar +1. It is also obvious, I suggest, that the summed
out trace, Z*% Z,5, is also an invariant, and therefore corresponds to transformation by the

representation D(0,0). However, we now consider the product of D(0,1/2) ® D(0,1/2), which
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must equal the direct sum, D(0,1) & D(0,0). In geometrical language this statement about
representations says that an arbitrary tensor with two indices of the same kind, i.e., an element
of the direct product space, V2 ® V2, should decompose into a subspace with dimension 3,
corresponding to the representation D(0,1), and a subspace with dimension 1, corresponding
to the representation D(0,0). The subspace of dimension 3 is of course the subspace symmetric
on the pair of indices, as described in Eq. (4.1) above, and the subspace of dimension 1 is the
skew-symmetric part, made up of the invariant Levi-Civita tensor multiplied by some scalar
quantity, the “trace” of that second-rank tensor. Likewise consideration of the decomposition
of the product D(0,1)® D(0,1/2) = D(0,3/2) ® D(0,1/2) should start us with F,;W,, where
F, 5 is symmetric, and end us with a 3-index, symmetric tensor and a Levi-Civita symbol

picking up two indices and an additional one left over, for the D(0,1/2).

Let us now go on to more complicated forms. We of course begin with the representation
D(1/2,1/2) = D(0,1/2) ® D(1/2,0), appropriate for the matrix presentation of real 4-vectors
(or 4-dimensional 1-forms). To see the details of the representation in more detail, we should
try to create the 4-dimensional generators, beginning of course from the presentations given
in Eqgs. (3.2) for the two 2-dimensional representations. To do this, we will have to “back
up” slightly, and consider what happens to the generators when considering a product rep-
resentation. We understand that the matrices representing the group elements of a product
representation correspond to direct products of the individual representations of that group
element. However, the following is the right approach for the generators, for any Lie group, G,
with Lie algebra, G:

a given g € G such that there exists Q € G such that G = e%;

b there are two distinct representations of G, and we label the two representations of g € G
by D1 (g) and D2(g);

¢ we label the representations of the generator ), for convenience, simply by Q) and Q®,
so that

(1)

(2)
Di(g)=e9 ", Di(g)=e?" .

(4.2)
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Then the product representation is generated in the following way:
{D1®D2}(g9) = [Di(9)] ® [Da(g)] =e?”, QW =QWeL+LoQ®, (43)

where I; indicates the matrix which is the identity matrix in representation D;. To verify

this we consider the following, setting, first T = Q1):

1 1
' = heotT® L+ (T O L) T @ h)+ 5 (T L) (T L)(T® L)+ ...

(4.3a)

1 1
:{11+T+5T2+§T3+ }®Iz=D1(9)®12-

We have an entirely analogous construction for the exponential of I; ® Q) so that we

may finally write

(1) (2) (1) (2)
QP eL+LeQ™ _ QWenL LeQ® _ {D1(g9) ® L} {I, ® Dy(g)}
(4.30)
= D1(9) ® D2(9) ={D1 ® D2}(g) ,
where we have used the “obvious” fact that Q") @ I, commutes with I; ® Q?.

With that notion in hand, we may immediately use Eq. (3.2) to write down the generators

for the representation D(1/2,1/2):

J = -ifdeh+hes, X = HeeL-Lod
01 1 0 0 -1 -1 0 1.0 0 0
., i1 o001 , 11 0 0 . |o 000
3 = 2(1 o0 1T =50 0 o0 Ty 00 o
01 1 0 0 1 1 0 0 0 0 1
0 1 -1 0 0 -1 1 0 0 0 0 0
11 o o -1 i 0 0 1 0 -1 0 0
:’]CI = — 7g<y = 5 ’:]cz =
32l -1 0 o 1 = *3l 1 0 o -1 1o o 1 0
0 -1 1 0 0 -1 1 0 0 0 0 0

(4.4)

You should now immediately point out that we already know what the generators J and K

look like in 4 dimensions, as they act on tangent vectors in spacetime, say, and the ones above

are not those at all. This is certainly true; however, as usual, the problem here is that these
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are given with respect to a different set of basis vectors. With some algebra it is not too hard

to show the following:
Wﬁ[(lz) w1l = 3\7((3+1) 7
1 0 0 -1
wo L i 0 0 i) (4.5)
v210 -1 -1 0
0 41 -1 O

where M is meant to indicate that it is true for both g and I, and the representation labelled by
(3+1) is our original {z,y, z,t} representation for these generators. This tells us, as expected,
that the standard matrices for D(1/2,1/2) are simply given with respect to a different basis,

built on (z +4y)/v/2 and (fz — t)/+/2, which is not too surprising.
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