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Physics 495
Homework No. 6  Solutions:  due Wednesday, 14 October, 2009

A charge ¢ is released from rest at the origin, in the presence of a uniform electric field E= Eyz
and a uniform magnetic field, B = Byz, where we assume that Ey < By. Determine the trajectory
of the particle by first transforming to a reference frame in which E = 0, finding the path in that

frame, and then transforming back to the original frame.

We begin by recalling, from the previous homework set, that when E-B=0and B2 > E?
then there is indeed a reference frame, ', that sees E’ =0. As measured by the original frame,

for the fields given in this problem, that frame is traveling with velocity
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We therefore move everything to that reference frame, where the fields are given by

E'=0, B =DBy/1-p% = By/y)i, .

Since, in the original frame, O, our charged particle was at rest until t = 0, in this frame it has an
initial velocity ¥' = —E = —fy; therefore it does feel a force from the magnetic field that exists
in this frame, which will of course change that velocity. The initial force will be in the & x § = 2

direction, so that the velocity should have components in both the y- and Z-directions:
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mos ¥ = o =F' =i’ x B' = qBoy ™oy x &+ v}2 x &) = ¢B'[~v} 2 + 0]
d qB’ d qB’
= W v, = vl preL v, = ———u, ,

where of course the magnetic field in this frame, B’ = By+/1 — (32, is constant. However, as the
only field generating a force is that magnetic field no work can be done (at least in this frame),
so that the energy cannot change, telling us that ~,/ is constant. This then gives us the following

equation:
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or v, =—f coswt’, v, =—0sinwt",

where we have included the initial condition into the determination of the solution, so that at
' = 0 the velocity is just —3. Checking up on the calculations we see that in fact (7)? = 32 is
indeed constant, and in fact we have 7,» = 3. Next, of course, we can move this vector back to
the original frame, O, which is somewhat more convenient if we have the 4-momentum instead of

just the velocity:

m
P =yymt = __mB [coswt’ § + sinwt’ 2] ,

VI-P

E' =~yym=~sm.

We know that the perpendicular component of the momentum doesn’t change, while the parallel

component is mixed with the energy:

o m/B . r_ . /
Pz=DpP, = \/m sinwt” = m’Yﬁﬁ sin wt 5

py = slpy, + BE'] = yg[—mfBrys coswt’ + Bygm] = mfygﬁ[l — coswt']
— p =m0 [vs(l — coswt')§ — sinwt'Z] ,

E =~3[E" + ﬁp;] = v3[ysm — mﬁ%@ coswt'] = myéﬁ[l — 32 coswt'] .

The velocity is of course the ratio of these two:
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These equations appear very difficult to integrate, especially since they involve dt on one side

and ¢’ on the other. Let us go back and integrate in the frame without the electric field:

dy’ dz'
d—i/:v;:—ﬁcoswt', Wzvgz—ﬁsinwt',
Y N ﬂ . / I Iy ﬂ /
= Yy =y ({t')=—=sinwt', Z=2()=-=(1—-coswt’),
w w



where I have chosen constants of integration so that the charged particle begins at the origin,

and we see that the particle is executing circular motion in the y’, z’-plane, with frequency w =
(¢/m)Bo(1 - 3?).

We may then move these solutions, via the Lorentz transformation back to the original frame:

t'=~(t - By),

L _g(l ~ coswt') = _5{1 — cos[yw(t — By)]},

y =y’ +Bt) = 12t — sinet] = 72 {(t — By) — sinfun(t — By)]}

I can at least take the terms linear in y in the last expression and combine them:

y=pt= L sinput =gy, 2= =21 - coshe(t — B}




Consider the following 4 x 4 matrix:

-1 0 a —a

O U 0 0
"l -a 0 —-1+a%/2 —a?/2
a 0 —a?/2 1+a?/2

a. Please show that L is in fact a special, orthochronous Lorentz transformation, for all real
values of the constant parameter a. However, explain why we are sure that it is neither a
pure rotation nor a pure Lorentz boost.

b. Even though L is in the connected part of the Lorentz group that contains the identity, it is
nevertheless not sufficiently near the identity that it can be written as a single exponential.
However, it can be written as the product of a rotation R(6;7) multiplied on the right by a

pure boost. What is the direction of the velocity associated with this boost?

We begin by showing that L is a Lorentz transformation, i.e., that LT HL = H, or, with
indices, that L*,L" g1, = Nag, Which is a calculation that I perform inside Maple and present

the result here:

-1 0 —a a +1 0 0 0 -1 0 a —a
0 1 0 0 0 +1 O 0 0 1 0 0
a 0 —1+a%/2 —a?/2 0 0 +1 0 —a 0 —1+4+a?/2 —a?/2
—a 0 —a%/2 1+ad?/2 0o 0 0 -1 a 0 —a?/2 1+4+d?/2
+1 0 0 0
o +1 0 o0
10 0 +1 o0

0 0 0 -1
Next one calculates its determinant to be +1, and, lastly L*; > 1 so that it is orthochronous, i.e.,
preserves the direction of time.
Lastly, we may say that it is
i.) not a rotation since a rotation should not mix the 4th components of vectors with the
other 3, i.e., it should have zero entries in the 4 row and column, except for the 4,4-entry
which should be 1, which is not true for this matrix, and
ii.) not a boost since all boosts are symmetrical matrices, i.e., equal to their own transposes,

which again this matrix is not.



b.

Next we should be able to determine the desired boost by writing B = R(—0;9)L:

cos# 0 —sinf 0 -1 0 a —1
0 1 0 0 0 1 0 0
sinf 0 cosf O -1 0 —1+4+ad%/2 —a?/)2

0 0 0 1 a 0 —a%/2 1+ad2%/2
—cosf +asinf 0 acosf+ (1 —a?/2)sinf —acosf+ (a?/2)sinf

0 1 0 0
" | —sinf—acosf 0 asinf— (1 —a?/2)cos —asinf — (a?/2)cosd
a 0 —a?/2 1+a?/2

Knowing that the 4th row and 4th column of a boost should be equal we quickly write down

two equations to determine the sine and cosine of 8:

a2
—a cosf + 5 sinf = a

. a? a?
—a sinf — 5 cosf = — —

2
a’® — )
— (:0892@2—_'_4 , sinf =

_da

a?+4 "

It is straightforward to show that, indeed, these are proper values for the cosine and sine, i.e.,
that cos? 6 + sin® # = 1. Note that for @ = 0 the angle # must equal 7, while as a increases
toward infinity, that angle decreases toward 0.

We must now insert these values into the remainder of the matrix, to acquire our desired

boost. This gives

2 3
I
B’U: 4
D=l 0 1452 —aep

a 0 —a?/2 1+4a?/2
Knowing that the 4th row and/or column is just the components of @, we may immediately

say that

x

W' =a, y¥=0, y'=-d?/2, y=1+d*/2,
1
a? + 2

— U= {2&@—@22} .

It is straightforward to insert these values into the standard form for boosts and to observe
that the entire matrix is consistent with this choice for .

The conclusion is that



3.

Again we see that when a = 0 this is just the identity, i.e., the associated velocity is zero,
while as a increases the velocity increases, making an angle in the x, z-plane with tangent of
—a/2, and therefore beginning slowly in the Z-direction and rotating, as a increases, to point
more and more in the negative Z-direction.

NOTE to GRADER: as usual, all this interpretation for varying values of a is NOT required.

Please calculate the matrix presentation, in terms of the electric and magnetic fields, E and E,

for the energy-momentum tensor or the electromagnetic field:
AT MM = FHAF — 19" FO Fop .

Try to present it in the following form:

3 x 3 dyadic matrix 3-vector
3-vector’ 3-scalar

and then a physical interpretation/name for these different portions.
(Note: a dyadic matriz is one created from the matrix product of a column vector multiplied by

a row vector on the right, i.e., of the form EET)

We first agree that we will use regular Cartesian (or Minkowski) coordinates, i.e., {x,y, z, t}.
Then we begin with what should be the simplest one of these to calculate, namely the 4, 4-
component:

AT M = FOFY — (1)1 F P Fop .

This reminds us that we need to first have some reasonably-formulated definitions of the spatial-

temporal separation of the components of the Faraday tensor:

f'aa:07 Fi4:—Ei:—F4i, f”:n”kBkv
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where in the second statement above—the one involving the magnetic field—the tensor n*/* is
really just the Levi-Civita €[ijk] since we are in Cartesian coordinates. [However, do note that it
would be more complicated if we were in fact in, say, spherical coordinates.] The next thing that
we are reminded to do is to note that, every time, we will need that invariant; therefore, let’s
calculate it first:
FPFos = FPFig+ FPFig = FIF;j+ FAFu + FY Fu
— 17 Bt B + (~E)(+E7) + (+E') (- )
= 26F ByB™ — 2E,FE' = 2|B,,B" — E;E'| =2(B-B—E - E] ,

which we remember as one of the Lorentz invariants of the electromagnetic field. With all that

in hand we may now return to the calculation of M%4:
ArM* = B, E™ + L 2(-E* + B?| = L [E* + B =,

where we have used the symbol e to denote this quantity since it is the energy density, i.e., energy
per unit volume of the field. I might also note that the overall sign of this tensor has been chosen
so that this quantity, the energy density, should be positive!

Next we may proceed to the 3-vector portion:
ArM™ = F' 7Y = p'"™ By(+E)m = (E x B)'

which is the usual form for the Poynting vector, i.e., the flux of intensity. Lastly we need the
3 X 3 matrix portion:
ArM = Fi Fid — 1gi(B? — E?).
Next we simply concentrate on the complicated portion, i.e., the first term:
FOFIA = Fimg W Fit 4 FLFt = ™ Brgnnn’™ By + (—EY)E? = "™k By B¢ — EYEY
— (686 — 6¥6})BL B¢ — E'E/ = ByBYg" — B,B'g") — E'E/ = —E'E) — B'B’ + ¢V B? .
Therefore we may now add back on the second term of the calculation, which we have been

ignoring more recently, and we have
ATMY = — E'E’ — B'B’ 4 g B? - 14(B? — E?)
= —F'E' — B'B’ 4 1¢Y[B* + E?| = {-EET — BB + i13|B* + E*|}¥
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where of course we have used the fact that g%/ are the components of the identity matrix in 3

dimensions.

To put this into an explicit matrix form we first define the energy density e = %(E2 + B?)

and write out
oI, — BET — BT (F x E))
e )

although it is not required that you really put it completely into this form of a presentation.

Do note, although not required for the problem, that the trace of this matrix is

ArM™ny,, = An[M" g;; + M** ) = dn[—E* — B> + 3(E* + B®) — 3(E®* + B*)] =0.




