0.
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Some Notes for Lie algebras

A one-parameter subgroup of a continuous group is a mapping from a single real variable, into
the group, say Z : R — G, so that Z(t) is a group element for every (appropriate) value of . We
can think of the subgroup as a “curve” or “path” within the group itself, i.e., a 1-dimensional
(continuous) subset. It is usual to parametrize the path so that it passes through the identity;
one may then take the value of ¢ at that point to be zero.

0a.) An example is the set of all (3-dimensional) rotations about a fixed axis, 7,

{R(7:0) | 0 < 0 < 27}

The generator of the one-parameter subgroup, Z(t), is the tangent vector to the curve, at the
identity; it therefore measures how fast the points on the curve are changing. A formula for the
generator is then given by the following, where the exponential map is noted as the function

which allows the generator to do its “generating”:

d
¢ d—Z(t)

t t=0
Z(t) = e’ .

la. A quite common “notation” for the generator of a simple, one-parameter subgroup is simply
d/dt, where the symbol for that parameter is ¢.
1b. The simplest example is the case of translations acting on functions of one variable. The

group of translations of that variable, say x, may be presented as shown below:

{f(z) > flz+a)|aeR} =  {e%¥f(z)=f(z+a)|acR}.

For an arbitrary Lie group, i.e., continuous group, with, say, n degrees of freedom, there would
be n distinct, independent one-parameter subgroups passing through the origin, called, say,
X,. The set of all the generators for these subgroups could then be thought of as a vector
space, of dimension n, with the {X,} as a basis. That this is a vector space can be seen since
any scalar multiple, or linear combination of those n generators could also be thought of as
generating a one-parameter subgroup passing through the origin. Because of the properties of
the products of exponentials of operators, as expressed through the Baker-Campbell-Hausdorff

theorem, the product of any two group elements may be expressed in terms of the generators
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of those two elements and an infinite sequence of multiple commutators of those elements.
Therefore, abstractly, the set of all generators for the group is both a vector space and possesses
a product map that satisfies the properties of commutators, i.e., is skew-symmetric and satisfies
the Jacobi relation. Such a space is called a Lie algebra, and the particular such set of generators
for some Lie group G is referred to as the Lie algebra for G, and denoted by the symbol G.
2a. The Lie product—often simply called the commutator product—of two elements can be
denoted simply by a e b, but is much more commonly written as if it were a commutator,
i.e., [a,b]. Remember that it is not associative, so that a e (bec) # (a e b) e ¢, but does
satisfy the Jacobi identity, ae(bec)+be(cea)+ ce(aeb)=0.
2b.  The Lie product of any two of the basis elements must of course be a linear combination of
the basis elements:

[Xi, XJ] = kaXk .

The quantities Cijk are called the commutation coefficients and,

to within choice of basis, characterize that Lie algebra.

i.) The skew symmetry of the Lie product tells us that the commutation coefficients are
skew symmetric on the lower indices, i.e., C’ijk = —Cjik.

ii.) The Jacobi identity requires that the commutation coefficients satisfy the following

(cyclic) quadratic identity:
Cz‘jeckém + Cjkaigm + Ck¢£0jgm =0.

3. A more abstract definition of a Lie algebra:
A Lie algebra, L, is
a.) a (finite- or infinite-dimensional) vector space (over a field K, such as R, C, etc.,)

b.) with a rule of composition, (X,Y) — [X,Y] € L such that VX,Y,Z € L, and Vo, 8 €

K:
i. [aX +8Y, 7] =alX,Z]+ Y, Z], {linearity}
i. [X,)Y]=-[Y,X], {antisymmetry}
. [X,[Y,Z]]+[Y,[Z,X]]+[Z,[X,Y]] =0, {Jacobi identity}

4. A subspace N C L is a subalgebra if [N, N] C N, i.e., if it is closed.
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5.

6.

7.

4a. An idealis a subalgebra A such that [N, £] C N, i.e., such that {[n,¢] | n e N, L€ L} C N.
4b.  The center of L is the maximal Abelian ideal NV, i.e., such that [£,N] = 0.
4e.  If N is an ideal of £, then [N, N] is also an ideal of L.

Therefore, in particular, the commutator subalgebra [£, £] is an ideal of L.

There are two (particular) useful sequences of ideals of an algebra L:

L™ defined as follows: £ =2, £V =[£,2], ..., £t =M 0],
L" defined as follows: L' =L, £*=[L,L], ... LT =L L].

(The L™ are often called “powers”; sometimes the notation L£(,_1) is used for them.)
5a. The algebra L is solvable if there exists some integer n such that £ = 0. Every solvable
Lie algebra is isomorphic to a subalgebra of some Lie algebra of upper triangular matrices.
bb.  The algebra L is nilpotent if for some integer n, the n-th power is 0, i.e., L™ = 0.

Every nilpotent algebra is solvable.

A Lie algebra L is simple if it has no non-trivial ideals and it is not Abelian.
[Trivial ideals are {0} and L. Proper is also used to mean the same as non-trivial.]

6a. A semisimple Lie algebra is one which is a direct sum of simple Lie algebras.

A representation of a Lie algebra £ is a (continuous) linear mapping to a set of linear operators
acting on a vector space, V', which preserves the Lie product. The product for the operators is
their commutator product.

One also then says that V is an £-module. (The difference in the two statements is that the
representation is often construed as implying a specific set of matrices and, therefore, a specific

choice of basis. Nonetheless, obviously the language above need not be construed that way.)

The adjoint representation of a Lie algebra L is the one given by its action on itself via its Lie
product:
forYel, adY(X)=[Y,X], VXeL.

8a. To determine a presentation for this action in terms of matrices, we first choose a basis
{X,} and agree that for an arbitrary element Y € G, we write Y = Y*X,, and agree to
present those components Y* as the elements of a column vector. Our task, then, is to

determine the elements of the matrix that presents adY .
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To do this, we first label the commutation coefficients C;;* of the basis, i.e., that [X;, X;] =

Ciij x. Then we have the following calculation:

YiZIC Xy = [V, 2] =W =WFX,, = WFr=Y'Z/C,* = (Ci;*Y") 77 .
define the matrix presenting ad(Y) as [(adY)])*; 27 = [(adY) Z]" |
or, supressing indices (adY)Z =W |

The representation of the algebra via these matrices is given in the expected/usual way,

namely for Z,Y,Q € G, and, as above, the basis as { X} we have
adZ{adYQ} —= (ad2)*,(adY)";Q' = Z™C,,,"Y*C"Q" .

The Jacobi identity, as given explicitly for the commutation coefficients in §2b(ii), then ar-

ranges for this to be a representation, i.e., for ad([X, Y]) = {ad(X) }{ad(Y)}—{ad(Y) }{ad(X)}.

9. The Killing form is the symmetric map L ® L — K via
(X,Y) = tr{ad(X)ad(Y)} = Cop'Csi " X™Y* = g s X™Y* .

9a. The Jacobi identity allows us to show that the Killing form has the property referred to as
associativity: (X,[Y,Z]) = ([X,Y], 2).

9b. The symmetric matrix gms = (Xm, Xs) can be used as a metric on the vector space if it is
non-degenerate.

9c. A Lie algebra L is semisimple if and only if its Killing form is non-degenerate, i.e., if and

only if (X,Y) =0 for all X € £ implies Y = 0.

10. A Casimir operator for a matrix Lie algebra is a quadratic (or higher) associative product of
these matrices that commutes with the entire algebra.
10a. When the Casimir operator is evaluated in a given, irreducible representation, it is a multiple

of the identity matrix in that representation.

11. Every Lie algebra, over R or C, has a maximal solvable ideal in the sense that it contains any

other solvable ideal; this maximal solvable ideal is called the radical of the algebra.
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11a. If AV is the radical of £, then the quotient algebra £/N is semisimple.

12.

The semidirect sum:

Let G and M be Lie algebras, and let 0 : M — GL(G), i.e., there is a representation of M in
g, treated as a vector space.

Then the semidirect sum of the two algebras is denoted by G5 M.

Denoting the elements by (g, m), where g € G and m € M, we may define the Lie product in

the sum via the following:

[(g,m), (¢',m")] = ([9,9'] + o(m)g" — a(m")g , [m,m]) .

A (standard) example is the Lie algebra of the affine group of the plane, R?; that group is so(2),
spanned by the (single) rotation in the plane, plus the two translations in the plane, ¢(2), where
the action on a typical vector, z € R?, is given by (R, a)x = Rx + a, where R is a rotation and

a a translation vector. Then we have for the product (S,b)(R,a)x = SRz + Sa + b.



Theorem of Ado
Every (finite-dimensional) Lie algebra over the field of complex numbers is isomorphic to

some (finite-dimensional) matrix algebra.

Levi-Malcev Theorem
Let £ be a Lie algebra over R or C, with radical N'. Then there exists a semisimple
subalgebra S C £ such that £ can be written as the semidirect sum of N' and S, with S having

an action on N.



