Notes on the Geometry of Spacetime,
and associated Vector, Tensor and matrix Notation and Conventions

by Daniel Finley, Fall, 2003
The Spacetime of Special Relativity

Spacetime is a 4-dimensional manifold, with points referred to as “events.” We often label
these points with a quadruplet of coordinates, for example (z,y, z,t) or (r,0, ¢, t), or (x,y,u =
z+t,v =z —t). Different allowed observers will ascribe these coordinates in different ways.
The allowed observers in the spacetime of special relativity are often referred to as inertial
observers. On the other hand, from the point of view of general relativity, any physical observer
is allowed. (More will be said later about a manifold and such labelling of points on it by the
use of coordinates.) Given two such points, i.e., two events, we indicate the differences of their
coordinates by Az, Ay, etc.; in the limit when these two points approach one another, we may
treat this difference as infinitesimal, and denote it by dz, dy, etc.

a. Spacetime also is provided with a notion of “distance,” or “length,” between pairs of
events, often referred to as the interval. It is usual to denote this quantity by As?, when
the two events are well-separated; in the infinitesimal case, we will refer to it as ds?. In
either case, this is done even though it is not in general the square of anything; there are
two distinct cases, and then it will be the square of something, which we will identify. (We
will also associate with it a second-rank tensor, 7, as noted below.)

The importance of the interval is that it is measured by all

inertial observers to have the same value.

Using Minkowski coordinates—also referred to as (4-dimensional) Cartesian coordinates,
{,y,2,t} = {z" | u=1,2,3,4} = {z#}}, we may write
(Az)? + (Ay)® + (A2)? = (At)? = (Aat)(Az”)
As? = or wv=12734.

(Az")? + (Ay")? + (A2)? = (Al)? = (A™) (A")
(1.1)



One may think about the interval as a quadratic sum of squares (of differences) of coordi-

nates. The function, with components 7, , that generates that quadratic sum is referred

to

as the metric for spacetime, and plays the role of a scalar product. From the form

shown above one can “see” several of Finley’s conventions:

i)

ii.)

iii.)

iv.)

He uses “geometrized units,” where the speed of light, ¢, has its value set equal to
+1, which makes the SI units of meters and seconds interconvertible, and spatial and
temporal coordinates have the same “dimensions,” either meters or seconds. This
approach emphasizes the underlying geometry, and the validity of the meaning of ¢
for all types of phenomena. In MKS units its value is ¢ = 2.99792458 x 10% m/sec.
It is perhaps also worth noting that we will use various other geometrized units, that
come from setting Newton’s gravitational constant equal to 1. [Recall that in MKS
units, we have the value G = 6.6726 x 107! m?/(kg-sec?).]
Some useful conversion factors which result from this are, for example

(i). 1 solar mass = 1.47664 kilometer = 1.989 x103% g = 4.9255 microseconds;

(ii). the mass of a proton, m, = 0.93826 GeV = 6.764 x 10757 km = 1.0888 x 103

Kelvins;

(iii). the charge on a proton, e = 1.381 x 10739 km .
He uses the usual (“right”) sign convention for the metric, where a +1 in the metric
corresponds to a spatial direction, and —1 to a temporal direction. This leads to a
so-called “signature” of the metric as +2, which is simply the sum of the diagonal
elements, when it is diagonal.
He labels the coordinates so that indices {1, 2,3} are spatial, and time is labelled 4, so
that it comes last in the sequence of coordinates. It is to be noted that Carroll, and
also Hartle, label the temporal coordinate as 0, so that the temporal portion comes
first in the sequence of coordinates. It is conceivable that Finley should change, for
the purposes of the class, but it’s not clear if he will.
Finley also uses the Einstein summation convention, which says that

any single term that contains the same index symbol twice, once as a subscript and
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once as a superscript is presumed to also contain (an unwritten) sum sign that indi-

cates that a sum is to performed over all allowed values of that index.

This means that a correctly written mathematical product of symbols should not
contain the same index occurring three times. If one does absolutely need the same
index three or more times, as, for instance, in an eigenvalue equation with explicitly-
presented matrix indices, then after the first two occurrences the others are indicated
with the capital-letter version of the lower-case one that indicates the summation.
Finley uses Greek, lower-case letters to take values from 1 to 4.

In addition, although we cannot see it in these equations, Finley uses Roman, lower-
case letters to take values only from 1 to 3, representing the spatial portions of some
otherwise 4-dimensional object. He also sometimes uses Roman, lower-case letters to
simply indicate indices that take values from 1 to some yet-unspecified integer value,
m, and he uses Roman, upper-case letters to indicate indices on 2x2 matrices [or the

associated 2-dimensional vectors], which then run from 1 to 2.

The set of inequivalent (allowed) inertial observers can be labelled by the set of all possible

Poincaré transformations from (the basis of) the “standard” observer into that of some

other observer. Poincaré transformations include all rotations, Lorentz boosts, 4-

dimensional translations, and any of their products; the set of all of these is

10-dimensional.

There will be some notes on the Lorentz (and Poincaré) groups, with more details.

Two distinct events may always be connected by a straight line; if they are

i)

spacelike separated, the interval along that straight line is positive, and its square
root is called the proper length, A¢, between those two events. Its square minimizes
the (square of the) length along arbitrary curves between the two events; or if they

are



ii.) timelike separated, the interval along that straight line is negative, and the square
root of its negative is called the proper time, A7, between those two events. Its square
maximizes the (negative of the squared) length along arbitrary curves between the
two points; or if they are

iii.) null separated, they both lie on the trajectory of some light ray.

The fact that the spacetime admits the interval, which allows the above statements, al-
lows each observer to make a division of all displacement vectors, relative to her or his
origin, into the (past) and (future) lightcones, the (past) and (future) timelike parts, and
the spacelike part; this division is (of course) independent of which observer makes the
measurements.

It should, however, be noted that in general relativity, this separation may well not be
possible on a global scale, but only locally in some region “near” the current location of
the observer.

Worldlines and related quantities:

The trajectory of any possible observer is the set of all events at which that observer is
present. Such trajectories are called worldlines. We may easily think of the set of these
events as a path, or curve, on the spacetime, which can be well described by the use of
some single parameter that varies continuously and ever-increasing along the worldline.
The “wristwatch-time” of the observer is of course a very reasonable choice for such a
parameter. We think of this curve as a mapping of some range of real numbers, i.e., from
some subset of the set of all real numbers, R, into the spacetime. It is then straightforward
to think of the curve as having, at each point, a tangent vector that indicates its direction
at that point. Since any observer must always travel slower than does light, two nearby
points on the worldline will always be timelike separated; therefore, we always suppose
that we have chosen a proper scaling and a choice of origin for the observers “wristwatch-
time” so that we may identify it with the locally-measured proper time, 7, at each event

through which he lives.



Using the proper time as the parameter along the worldline, the tangent vector to the curve
is well-defined, and will be referred to as the 4-velocity, since it is obviously a 4-dimensional
vector. That tangent vector should have as components the rate of change, with respect
to the proper time, 7, of the coordinates of the events, x#, along the worldline. For now
we consider the 4-vector which has components, dz* (relative to some appropriate-chosen
basis for the vector space in which the vector lives), and denote the vector itself by the
symbol dz. We may then take the ratio of this to the infinitesimal change of proper time
in which it occurs; this is surely the desired tangent vector to the worldline, the 4-velocity,

which we will call u:
. dzx

(1.2)

If we then rewrite Egs. (1.1) in infinitesimal form and divide by the scalar (dr)?, we acquire

a statement that says that

2 2 2 2

(&)~ (@) @) - &) - =

where the last equality follows from the definition of dr7. However, since we have used
this relation to define a tangent vector, it seems reasonable to extend the definition of
the tensor m to act as a “scalar product” for tangent vectors, where we mean by the
symbols %2 = @ - u the sum of the squares of the spatial components minus the square of

the temporal component, following the same “rule” we used earlier for the creation of the

interval:

u? = (u')? + (W) + (W) — (uh)? =, vt u” . (1.20)

We will then use this idea to define squares—and, by extension, scalar products—of any

tangent vector, with the use of the “metric tensor,” m, or, more generally, g.

Uy - Uz = My ulul (1.2¢)

Dynamical physics then allows the introduction of some important mechanical quantities,

which are related to this tangent vector:



II.

i.) 4-momentum vector, p = mu, which has components p, the usual 3-vector momentum,
and F, the total energy of the particle whose worldline we have been considering, and
also

ii.) the (net) 4-force, K = dp/dr, which includes appropriate generalizations of the usual
3-vector force and also the power, i.e., the time-rate of change of the energy.

The components of these quantities all transform in the same way as do coordinate differ-

ences when one changes basis from one (inertial) observer to another, which is the meaning

of the statement that they are 4-vectors.

Symbols to describe various Vector and Tensor Spaces

We first note that Finley uses the (common) useful mathematical notations that R stands
for the set of all real numbers, and then R™ is the set of all “n-tuples” of real numbers, while
C stands for the set of all complex numbers. Then Z denotes the set of all integers, and also
ZT stands for the set of all non-negative integers.

We use the symbol M to denote a manifold. If the manifold is arbitrary, it may be, for
instance, of dimension n; however, our spacetime is of course a manifold of dimension 4. [For
more details on how a manifold is defined, see the notes on the geometrical views on manifolds,
vectors, differential forms, and tensors.|

We are also interested in various functions, mapping manifolds into the real numbers,R,
and denote the set of all of them by the symbol F, or F(M) if it is necessary to specify which
manifold. We usually are only interested in functions which (at least almost everywhere)
possess arbitrarily many continuous derivatives. We refer to such a mapping as being either

“of class C'(*), or simply as “smooth.”

In principle there are two, physically-different kinds of vectors, each of which has their cor-
responding vector space. These are the space of “tangent vectors,” 7! (or sometimes just
T), and the space of “differential forms,” Al also called cotangent vectors. Tangent vec-

tors are the usual sort of vectors that one regularly uses in, say, freshman physics; however,
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3.

4.

differential forms are really ways to label, and “add,” etc. hypersurfaces (of dimension n — 1
in an n-dimensional manifold, so that ours will usually be 3-surfaces). This is like the usual,
freshman-physics notion of the “normal” to a surface, this time, of course, in a 3-dimensional
space. As it turns out, one may also characterize differential forms as (continuous) linear maps
of tangent vectors into scalars, e.g., R or C. Common mathematical language is to say that
differential forms are dual to tangent vectors; i.e., A! is the dual vector space to 7T'.
Geometrically, one should think of tangent vectors as (locally) tangent to 1-dimensional

curves on M, while differential forms are (locally) tangent to hypersurfaces, i.e., n — 1-

dimensional surfaces. From that point of view, the “action” of a hypersurface on a tangent

vector, i.e., what it does to map that vector into a scalar, is to determine how many times the
one intersects the other, that being the resultant scalar.

a. Because the spaces we are considering usually have a scalar product, the distinction be-
tween these two kinds becomes blurred, since the scalar product has the same effect, i.e.,
it also maps vectors into numbers. Therefore, this is the same as saying that one may
use the metric (tensor) to map tangent vectors into differential forms, or vice versa, since
both produce the same effect. We will discuss this in some detail later. Geometrically this

is the same as characterizing a hypersurface by the vector which is normal to it.

Proceeding onward to notation, we will generalize the more familiar use of “arrows” over
symbols, long used to denote ordinary, 3-dimensional vectors, by using an “over-tilde” to
indicate a tangent vector, and an “under-tilde” to indicate a differential form:

i.) v is a tangent vector at some point on the manifold, and

ii

iii.) p will continue to be used for the usual 3-dimensional vectors.

)
.) w is a differential form at some point, while
)
iv.)

The action of a differential form on a tangent vector will then be written as ¢(v) € R.

In any vector space, vectors are often described by giving their (scalar) components with
respect to some choice of basis. Our most common spaces of interest will be 4-dimensional;

therefore, most examples will come from there.
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5.

Finley uses the standard symbols {€;,€,,€3,€4} € 7! to denote an arbitrary basis for a
space of tangent vectors; more compactly, we often write {'é,l};‘::1 or just {’éu}i1 to mean
the same thing.

Given any vector, v, there always exist unique, scalar quantities, v*, such that
r=ua"e,. (2.1)

The index on the symbol z# is a superscript; this will always be true when the vector x
is a “tangent vector.” We also refer to these indices as “contravariant.”

We also need a choice for basis vectors for differential forms. Habitually, we will use the
symbols {w*}} € Al for this basis. We will usually choose these basis elements so that the
two basis sets, for tangent vectors and for differential forms, are reciprocal bases, which

means that
w(eg) = 03 , —the Kronecker delta: 05 = {(1)’ gtl?erﬁv:fise (2.2)

For an arbitrary # € Al, its components are then the set of scalars {/,}] such that

Bo=pow®, and H(v) = pio v’ w*(ep) = pav™ . (2.3)

~

The indices on the components of a 1-form are always lower indices, i.e., subscripts. We
also refer to such indices as “covariant”. We also have the following set of useful relations,

rather analogous to the behavior of “dot products”:

*=w(z) , op=glez) . (2.4)

At any given point, p € M, there are also other interesting vector spaces. Tensor spaces, in
general, are linear, continuous maps of some number, s, of tangent vectors and some number,
r, of 1-forms into R. One may also say that they are contravariant of type r and covariant of
type s, or simply that they are “of type [r,s].” Since a tensor of type [r, s] is a member of the

tensor product of r copies of 71 and s copies of A', the natural choice of basis is

(€, ®€,,®...0¢, QWM W2 ®...0wW" |ty A, As =1, ...,n}.  (2.5)
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Some physically-interesting examples of tensors are given by

a.

b.

an ordinary tangent vector, which is of type [1,0],

a differential form, or 1-form, which is of type [0,1],

the metric tensor, of type [0,2], and symmetric

the electromagnetic field tensor, also of type [0,2] but skew-symmetric,

the stress-energy tensor, of type [1,1], and

the curvature of the manifold, of type [1,3].

Of special interest are the tensor spaces made up of combinations of skew-symmetric
tensor products of a number, p, of 1-forms. These objects are often called p-forms. We
use a special skew-symmetric version of the tensor product in these spaces, referred to
as a Grassmann product, or, more commonly, just a “wedge” product, since it is denoted
with the symbol A between the two objects for which this is the product. If we define the

wedge product of two basis 1-forms as

wNw =w* oW’ - w ow, (2.6)

then a basis for the vector space of 2-forms, A?, is just
{%a/\%ﬁyavﬁ:177naa<ﬁ} (27)

We then use the associativity of the tensor product to extend this definition of the wedge

product to AP, and obtain sets of basis vectors accordingly; for instance, for A3 we have

WNPPNY =200 0w W ow oW +w W ®w®

~w' oW oWt ow oW —w e owr,  (28)

{%“A%Ww”hm@vzlwu,n;a<5<7}.

The vector space of all p-forms is denoted by AP, and has dimension <Z> =n(n-1)...(n—
p+ 1)/p!. Therefore, over a manifold of dimension n, the variety of p-forms extends only

from p = 1 to p = n, although often one also takes F, the space of all smooth functions, as
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III.

though they were 0-forms, AY. It will also allow us to introduce a very important mapping,
called the exterior derivative, d : AP — APT! which is a generalization of the ordinary
3-dimensional notions of “gradient,” “curl,” and “divergence.”

For p-forms of rank higher than 1, we will also use an “under-tilde” so that such a symbol
does not automatically tell us “the value of p.” It is very unlikely that this will cause much
confusion, however, since we will only truly discuss relatively few distinct p-forms; each
one of interest will generally have its own particular symbol, never used for anything else.
More discussion is given elsewhere.

h. Area and volume forms, and the totally anti-symmetric tensor density, related to Levi-
Civita’s symbol, e#**". (Hodge) duality is a very useful map from A? — A"~P, which is
created by the Levi-Civita symbol and the metric. [More discussion about the Levi-Civita
symbol will be given later.]

For higher-rank tensors that are not p-forms, we will put their special symbol in boldface letters

when not explicitly indicating their indices; an example will be the metric tensor, of type [0,2],

denoted 7.

Matrix presentations for the components of geometrical objects

Matrices are not, a priori geometrical objects but, rather, arrays of scalar quantities along
with (standard) rules concerning their display, and their manipulation to create new matrices.
One must therefore have (rather arbitrary) conventions/rules that relate the matrix arrays of
scalar quantities with the arrays of scalar quantities that form the set of components of some

geometrical object.

Having agreed on a specific choice of basis, it is convenient, and very conventional, to display
the set of components of a vector by means of a matrix with only one column, usually referred to
as a column-vector. However, since we have two sorts of vectors, we generalize this convention—
not done by all authors—so that we represent our geometrical vectors so that
a. contravariant components are represented via column-vectors, i.e., matrices with only

one column, and
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b. covariant components are represented via row-vectors,

where row-vectors are actually matrices with only one row.

An additional problem, however, is that different choices of basis would generate different
sets of scalar quantities for the very same vector; therefore z is not equal to the set of scalars,
x#, so that, instead of writing an equality, I use the symbol —= , which is read as “is
represented by.” When this symbol is used, it should remind us that we must know which

particular choice of basis has been made, and what the choice of ordering is, before we may

understand whatever comes next. Finally, then, examples might be
Vl
V — V¢ — v?
: (3.1)

I — Tb — ( Tl TQ e ) .

We also need conventions to describe the generic elements of a matrix. My standard con-
vention for matrices is that the entries within matrices are labelled by their row and their
column, with the row index coming first. We use this convention independent of whether
the indices for the components are upper or lower, i.e., whether they are being used to form
a presentation of tensorial objects that transform contravariantly or covariantly. Therefore,
for example, we could easily have (different) matrices with elements denoted in the following
ways: F%, Gap, H,\, Jw.

In each case the row index is the one that comes first.

We also use matrices to display the components of other geometrical quantities, especially
those sorts of tensors that relate two vectors at once—called second-rank tensors. Here we
give appropriate conventions for two, very common examples, the metric tensor and the
electromagnetic field tensor.

a. The metric tensor is a bilinear mapping that takes two tangent vectors and gives a scalar—

their “scalar product.” This makes it an element of A' ® A!, a basis for which is the set

of all w® ® wP. Therefore we can define the components in either of two equivalent ways:

N=NapW® W | or nug=mn€,e5) , (3.2)
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and then we can use a matrix representation to display these components:

0
+1

0
0
0 0
0

0
0
1 , v =1,234 | (3.3)
0 -1

Notice that i is that particular metric tensor that is commonly used in special relativity,
for an “orthonormal” metric. In a more general context, I would use the symbol g =
Jap W @ w? to refer to the metric tensor, that determines the interval.

As already suggested, the existence on our manifold of a metric “blurs” the (calculational)
distinction between 1-forms and tangent vectors; more precisely, it allows a mapping
between them: since n : 7' ® 7' — R, the result of giving it one vector but not the
other would be some tensor which, when given the second vector, would give you a scalar;
however, that is exactly what a 1-form is, so that we see that there is a different behavior
for the metric, namely 1 : 7+ — A'. We use the notation 1(7, -) to indicate this mapping,
where the centered dot is a “placeholder” waiting the arrival of a second tangent vector so
that the metric may compute the scalar product of the two; therefore, (v, -) is actually a

1-form, able and willing to give a scalar for any vector given it, and in a continuous, linear

fashion. We may “explain” all this in index notation as follows:

Vo =0v¥e, € T, Elly:v[gcgﬁ eAl where V3 = Nga U, 34)
3.4

so that u(@) = vgw” = Nga VW’ = Nugvw® = n@,w) = v .
This process is usually just referred to as “lowering an index,” from contravariant to
covariant. As well, at the end of the equation one sees that it is also common practice to
simply use a “centered dot” to indicate the scalar product.
Clearly the process should have a reverse as well, since we may “undo” the process of
lowering the index by using the inverse matrix for the matrix presenting 7, which we can

1

refer to by the symbol n~", although we will usually use exactly the same symbol for the

inverse, but with the indices raised:

17_1 — " where n"*“n,\ E(SK — 1. (3.5)
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Having this inverse, we immediately have two different functions that it can perform for
us:

i.) The first is simply that it maps 1-forms to tangent vectors:

n 1A - 71 where Vo = a,wh e A, Ja= al'e, € Tt
(3.6)
with o =9, and V3 € A", f(a) = B, o = B0, .

This process, of course, is referred to as “raising an index,” from covariant to con-
travariant.
ii.) The second function is already put into evidence in the last phrases of the equation

1

above, namely we may use 1~ as a scalar product in the vector space of differential

forms, Al:

n A XA SR, via i@, 0) =0 a8, = -0 ER. (3.7)

~

Do note that all of the above concerning raising and lowering indices applies
equally well when using some (vector) basis where the metric has quite different form
than does the simple, Minkowski presentation of 7,,. Under those circumstances, we
might well refer to the metric as g, although, in special relativity, this would still be a

matrix with the same signature and significance relative to the interval.

The electromagnetic tensor is a skew-symmetric, second-rank tensor, and therefore is
actually a 2-form, i.e., an element of A2. Therefore we use the (skew-symmetric) wedge

products that provide a basis for A?:

L

N[

Fopw® Aw? | (3.8)

where the % is a convention making it consistent with a different possible definition,

namely ' = F,3w® ® w? and reminding us that the components are skew-symmetric,
i.e., Fag = —Fﬁa.
In 4 dimensions, any skew-symmetric, second-rank tensor is specified by exactly 6 degrees

of freedom; therefore, it is customary to label those 6 degrees of freedom via a pair of
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3-dimensional vectors. In the case of the electromagnetic tensor, we refer to those two
3-vectors as “the electric field,” E, and “the magnetic field,” B , justifying the following

representations, with respect to the bases vectors noted in Eq. (3.8) above:

0 B* -BY E,
-B* 0 B* E,
BY —-B* 0 E.|°
-E, -E, —-E. 0

F —= F, = u,v=1,234 , (Finley’s order)

(3.9)
Just as an additional help, I note that when one has these matrices the choice for the
ordering of the indices creates a considerable difference in the appearance of the displayed
matrix. Therefore, the electromagnetic tensor, expressed as a matrix (as above), but
with the indices ordered according to Carroll’s order, i.e., (0,1,2,3), gives the following

appearance:

0 -E. —E, —E.
E, 0 B* —BY
E, -B* 0 B* |’
E. BY —-B* 0

Fop = a,#=0,1,2,3 , (Carroll’s order) (3.9')

Following our discussion of raising and lowering indices, we may now consider various
different “index locations” for the components of the electromagnetic tensor, all presented,

as usual, in Finley’s index ordering;:

+1 0 0 0 0O B* -BY E,
0 41 0 0 -B* 0 B* E
B = A — Y
L 0 0 +1 0 BY —B* 0 E,
0o 0 0 -1 -E, -E, —-E. 0
0 B* -BY E,
| -B= 0o B* BE,
_ ( s om0 2| (3.10)
E, E, E. 0
0O B* -BY E, +1 0 0 0
-B* 0 B* E 0 +1 0 0
| Zg— Av _ Y
Fu” = Fan™ —= BY —-B* 0 E, 0 0 +1 0
~E, -E, -E. 0 o 0 0 -1

= . (3.11)



IV.

Display of Matrix Arithmetic without explicit indices

Basic Notions:

We sometimes want to conserve ink, and simplify the life of the reader, by not explicitly writing
out the indices on symbols representing matrices. In fact, this justifies the fact that there are
very standard conventions concerning matrix multiplication. To proceed, we first give notation
to relate the statement that some matrix is named A, and the statement that the elements of

that matrix are labelled by the symbols A%, through the following convention:
A= ((A%)) means A is the matrix with components A%,,. (4.1)

Note that the transpose of a matrix requires switching its rows and columns; therefore, we
could have the following examples, where we use an upper © to denote the transpose of a given

matrix:
A=((A%) <= A"=(A") and B=(Bw) <= B =(Bw)) . (“42)

We may then state succinctly the rules concerning matrix multiplication, of two matrices, A
and B, say:
C=AB , < Oab = AaeBeb s (43)

where the symbol <= is to be read as meaning “if and only if.”

It is perhaps also worth noting that a matrix with a contravariant row index and a covariant
column index—the most usual form we see—is one that is presenting an operator that maps
tangent vectors into tangent vectors; i.e., we have the following relationship between a linear

operator and its matrix presentation:
A:T' - T' = A= ((4"))) or, equivalently A — A", . (4.4)

On the other hand an operator, B, that, for instance, is presented by a matrix with two

covariant indices maps tangent vectors into 1-forms:

B:T'—-A' <= B = B, . (4.5)
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A slightly different example begins with the tensor which has as components the (usual)
Kronecker delta symbol, 6%, which has either the value 1 or 0, depending on whether a equals
b, or not; it should surely be conceived of as denoting the components of the identity matrix, I.
Therefore we can have the parallel statements, as above, one using the conventions of matrix

multiplication, and the second using the rules for indices:

AB=1=BA — B=A"1,

(4.6)
Aﬂu Bya = 6604 ) Bua A%, =", .
Yet more structure enters when we work out products of three matrices:
W, =A% AP, M,s <= W=ATMA,
(4.7)

Jh, = (AW, AP Py = J=AT'FA
In the first line of Eqs. (4.7) the transpose of the matrix A is necessary because of the ordering
of the indices. Matrix multiplication always sums the column indices of the matrix on the left
with the row indices of the matrix on the right. Of the two summations indicated on that line,
via the Einstein summation convention, the second sum has the correct ordering for matrix
multiplication, and so is indicated simply by the matrix product GA. However, the first sum
has the opposite ordering, necessitating the use of the transpose on the matrix A, so that the

matrix multiplication rules represent correctly the desired summation, namely A7 G.

Examples generated by change of basis vectors:

It is probably important to preface these remarks that the entire “scheme” of how geomet-
ric objects transform when their components are considered with respect to different choices of
a basis set is the place where more classical (a la 1930’s to, perhaps, 1960’s) treatments, and
definitions, of tensor analysis begin. Therefore, this material is really more important than its

location here might immediately suggest!

We begin by considering two distinct choices for basis elements of the cotangent space (of
differential forms), namely {w“} and {g"}. Since either set forms a basis, we may immediately

write down each member of the one choice of basis in terms of the members of the other; i.e.,
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there exists uniquely a (square array) of scalar quantities A%, and, alternatively, the quantities

B*,, such that

w’ =A%, g",  gh=B' w* . (4.8)

Using the elements of these arrays, we may phrase the fact that if one goes “backward,” she

should surely arrive at the place she started; i.e., we must have the relationships
AP, BY, =6°,, Bt A%, =0, . (4.9)

Continuing, we can easily see that it would be possible, and probably advisable, to consider
these square arrays as square matrices, where we give the (square) array involving the quantities

A%, the name A, and do the similar thing of giving the name B to the square array with element

BY,.

It is also a very useful notational tool to now also create new sorts of matrices, which
contain elements which are 1-forms, via the following presentations, we may rewrite Eqs. (4.8)
and (4.9) in pure matrix form, where {2 and ¥ are column vectors with the respective 1-form

basis elements as their elements:

W g
w2 , a2

(@n=|%] = o wn=|%]| = = )
w? ot .

Knowing that the geometrical objects themselves, i.e., the local tangent planes to physical
hypersurfaces (3-surfaces in our case), are independent of any choice of basis, we can induce
transformations of various other associated objects. We begin with the components of an

arbitrary 1-form 7:

T=Tow" or T = T=((14)), relative to the basis {w*}
T=r1,g" or z = T =((1,)), relative to the basis {g"} (4.11)
gl = (A HHr, w™ = 7, =A% 1o or T =TA,
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where we have agreed that the matrix presentation of the components of a 1-form, such as 7,
being covariant, would be taken as a row-vector, which insures that the order indicated above
for the matrix multiplication is indeed the correct order.

We may then consider the reciprocal bases for tangent vectors, relative to the two bases

{w*} and {g*}, respectively, as follows:

w(@®5) =6% and g"(f,)=d", )

gl =AW, w* =  f,=A%8,,0or F=EA,

where we have named the row vectors (with vector entries) called F' = ((f,)) and E = ((e,)).

This gives us the capability to look at the components of an arbitrary tangent vector, v:

v=v"e, or v = V =((Y), relative to the basis {€,}
T=uv"f, or U —= V'=((")),relative to the basis {f,} (4.13)
gl = (A HH, w™ = VP =(A"Hr 0 or V=AMV,

where we have agreed that the matrix representation of the components of a tangent vector,
such as v, would be taken as a column-vector, so that the order indicated above for the matrix

multiplication is again the correct order.

Notice that the components of a 1-form, conventionally taken as lower indices, are such
that they transform according to the same matrix, A = B~!, as do the tangent vector basis
elements, {€,}; it is for this reason that they are referred to as “covariant,” in the sense that
they transform in the same manner. On the other hand, we see that the components of a
tangent vector transform in the inverse manner to the basis elements for tangent vectors, for

which reason they are referred to as “contravariant.”

Following the reasoning above, one may now generalize and discover the transformation
laws of more complicated objects, i.e., higher-rank tensors. This time, again, I give two exam-

ples. Firstly, we consider the metric tensor, g € A' ® Al:
E=gusW* W’ or g —= G =((gap)), relative to the basis {w*}
g=¢,,q"®ag" o g-—= G =(gy,,), relative to the basis {g"} (4.14)

gl = (A HHr, w™ — 9w = A% AP, gap or G =ATGA,
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The transpose of the matrix in the last line is necessary because of the ordering of the indices.

As a second (important) example, consider the type [1,1] tensor created in Egs. (3.8-9),
but in the [1,1] format described in Eq. (3.10). As given there it has components F'“g, which
gives us

F't, = (AW, AP F®y  or FF=A'FA . (4.15)

We are not surprised that this sort of transformation looks “familiar.” It is a similarity trans-
formation, as one might have encountered in classical or quantum mechanics. Therefore we

consider for a moment the following.

The study of matrix transformations has a long history.

Transformations of the type appropriate for F', as given in Eqs. (4.15), are called similarity
transformations, F' = A~1 F' A; they preserve all the eigenvalues of the matrix, and, therefore,
also its determinant. For normal matrices, this sort of transformation can be used to bring
the matrix into diagonal form. (Normal matrices are defined as those which commute with
their transpose; both symmetric and skew-symmetric matrices are examples, although there

are many more less common Ones.)

On the other hand, transformations of the type appropriate for the metric matrix G, as
given in Eqs. (4.14) above, are called congruency transformations: G' = AT G A. They do
not preserve the determinant; instead they preserve the signature of the matriz, which is a
particular set of 4+1’s, -1’s, and 0’s for that matrix. Sylvester’s theorem says every symmetric
matrix has a congruency transformation which will not only diagonalize it, but in fact bring
it to have only +1, -1, or 0 in all the places on the diagonal. This set, independent of order,
is called the signature. (Sometimes, only the sum of these quantities is referred to, also, as
the signature; this is completely understandable only when the dimension of the manifold is a
priori known.)

Therefore, in a spacetime, the equivalence principle of Einstein

assures us that there is always a change of basis for 7, effected by
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an invertible matrix, M, such that the components of the metric
can be converted from g,3 to just those of an arbitrary inertial

frame of special relativity, 7,,:
G=M"HM, or Gap = M" o, MYs |

where the symbol H is a capital Greek 7.

This fact assures us that we may always, in some neighborhood of
a given point in spacetime, find a special basis set for which the
components are what they would have been were the spacetime
flat and special relativity valid. It is only to be noted that this
basis set may not be defined everywhere when the spacetime is

not flat.

5. Comments on Determinants of Matrices.

(4.16)

In addition to rules for matrix multiplication, matrices also come equipped with a definition

of various scalars created from them. The only important ones we are likely to use are the

trace, tr A, and the determinant, det A.

a.

tion rules, i.e., it should be a scalar; therefore, we can write

tr A= Aaa = gaﬁAﬂa 5

exist there.

would have a different value in every distinct coordinate basis.

20

The definition of trace must be given so that it will be invariant under tensor transforma-

(4.17)

where ¢g®? are the components of the inverse metric tensor, if the manifold admits one to

If there is no metric tensor, or if it has no inverse, then the trace will not be an invariant

quantity. In addition we should explicitly note that Zi:l A, is not the trace, since it



b. The definition of the determinant of an n x n matrix is independent of the properties of
the underlying manifold. It involves taking products of n elements, one from each row

and from each column, in certain orders, with certain signs.

The Levi-Civita symbol, e?1b2-:bn

= €p,b,...b,, has n indices, is skew-
symmetric under the interchange of any two of those indices, and is such

that €'23% = 4-1. It is not a tensor quantity!

It has been defined precisely so that it creates determinants via summations, as expressed
by the Fundamental Theorem of Determinants as written below. In fact this theorem
is simply a mathematical re-phrasing of the language one learned long ago about how to take

determinants, involving “signed minors,” etc.:

eblbz...bn AalblAasz . -Aanb — (0102...0n det(A) . (4.18)

n

The following rather complicated (numerical) relations involving the values of a product
of Levi-Civita symbols, are worth writing down, since they are occasionally of use, especially
in those cases where one or more pair of the indices are being summed. Their proof is very
straightforward but quite lengthy, and will be omitted here:

ay ay
OO L

€M

..Qn €by..by, — : . : 52&11;: ; (419)
St . Gy
where the vertical bars imply the determinant of a matrix. For instance, in the simple case of

2 dimensions, the above equation simply says

al al

ajas 5b1 5b2

ag ag

51)1 6()2
ajaz _ Sai §a2 _ §a1 S§az __ az _ gaz2 __ §a2

— € €ar1by — 5a1 5b2 5b2 6a1 - 25172 552 - 51)2 ’

_ __ fajp gaz _ §a1 §az — £a10a2
€ Gblb2 — — 5bl 6b2 5b2 6b1 = 6b1b2

As well, we will regularly consider some ¢ x ¢ submatrix of the general matrix given above,

and the ¢ x ¢ determinant made with Kronecker delta entries, as above. We will denote such a
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determinant with the generalized Kronecker delta symbol, that has ¢ upper and ¢ lower indices.
Using that notation, we may then write out an expression, easily provable from the general
one above, for partial sums of products of Levi Civita symbols. Writing g + ¢’ = n, it follows
that

ai...aqcCi.

ai...agC1...C,1 _ <Cqt — I\ £a1---Qq
€ ! T €bybgericy T 5b1...ch1...cq/ = (Q)-‘Sbl...bq : (4.20)

In 4 dimensions we have the following explicit values:

61234 =41 = 62143 — 64321 — E1423 - .

62134 - 1= 61243 264312 — 64123 - (421)

€*P7% = () whenever 2 indices are equal.

One should notice that €*?79 is not a tensor, but we will discuss shortly how to create a

tensor from it.
The volume 4-form and its relationship to Hodge duality.

Over 4-dimensional manifolds, there are 5 distinct spaces of p-forms, AP:
i. A% is just the space of continuous (C*) functions, also denoted by F. We say that it has
dimension 1, since no true “directions” are involved.

ii. Al is the space of 1-forms, already considered; it has as many dimensions as the manifold,
so for 4-dimensional spacetime, it has dimension 4.

iii. A? is the space of 2-forms, i.e., skew-symmetric tensors, or linear combinations of wedge
products of 1-forms; therefore in general it has dimension 2n(n — 1), which becomes 6 for
4-dimensional spacetime. A basis can be created by taking all wedge products of the basis
set for 1-forms: {W* Aw’ |a,B=1, ... 4 a < B}

iv. A3 is the space of 3-forms, i.e., linear combinations of wedge products of 1-forms, three
at a time; in general it has dimension () = % n(n — 1)(n — 2), which becomes 4 for
4-dimensional spacetime.

v. A% is the space of 4-forms; in general it has dimension (Z) For 4-dimensional spacetime,

this is a 1-dimensional space; i.e., every 4-form is proportional to every other; we refer
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to some particular choice of basis for this space as the volume form. (In a general n-
dimensional space, the volume form is always an n-form.)

vi. Over n-dimensional spacetime, it is impossible to have more than n things skew all at once;
therefore, the volume form is always the last in the sequence of basis sets for p-forms. So,
in 4 dimensions, there is no AP for p > 5.

vii. The union of all n of the non-zero vector spaces AP is sometimes referred to as the entire

Grassmann algebra of p-forms over a manifold, and is denoted simply by A.
2. Working in the usual (local) Minkowski coordinates, where it is reasonable to choose {dx, dy, dz, dt}
as a basis for 1-forms, we choose the particular 4-form
V=drNdyNdzNdt, the (standard) volume form (5.1)
as our choice of a volume form.

More generally, if {w®}{ is an arbitrary basis for 1-forms, we may define the very im-
portant tensor quantity n°%7, which gives the “components” of the volume form relative

to an arbitrary choice of basis:

W AW AW Al =Py (5:2)
1 a 8 v s 1 POTPY & B ¥ 6
V= Znagfyg W AW AW ANW" = Z{gapgﬁag’yfg&/?n } WONWTAQTAWT . (53)

This tensor is completely skew-symmetric, i.e., it changes sign when any two indices are inter-
changed, and so must be proportional to the Levi-Civita symbol, €*?7? used for determinants.
One verifies that the following defines tensors of type [4,0] and [0,4], respectively, related as
usual by raising/lowering of indices via the metric tensor, where we again must recall that the
symbol H is a capital Greek 7, and therefore stands for the basic matrix that represents the
metric when it is diagonal and has only +1’s and —1’s along that diagonal:

l 60(676 ’

m
where m = det(M) , G=MTHM,

afys _

n Nap~ys = (_1)Sm€aﬁ’y5 5

and g = det(G) = m? det(H) =(—1)*m?,
and one chooses s = 0 or 1, as the number of timelike directions.
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The matrix M is of course the congruency transformation that Sylvester’s theorem asserts

exists, that puts the metric into its normal form. Of course the values of n®#7° depend on the

basis chosen; however, let us consider quickly the problem for an orthonormal tetrad, or triad,

in (4-dimensional) spacetime or 3-dimensional space where the matrix M, above, is just the

identity matrix, so that m = 1:

a. when the metric components are just n,, as they would be with Minkowski coordinates
{z,y, z,t}, we must choose s = 1, which then implies that 7'23* = +1 = —n934;

b. or, when we are in ordinary, Cartesian coordinates, {x,y, z}, in 3-dimensional space, we

choose s = 0, and we simply have 7123 = +1 = n;03.

the (Hodge) dual, x: AP — A™P

Let @ be an arbitrary p-form; then we denote the (Hodge) dual by *@, an (n — p)-form.

They are related as follows, where we, habitually, use p’ = n — p as a useful symbol:

1
Q= E Opy.pp WHE AL At )

* Z'pp'—i—s b c c 1 (* ) c c
Q= TPy b W N LA = « WA A W’
~ | ’ ' 1o pcl...cp/ ~ ~ \1 C1 Cp/ ~

p!(p)! (p")!

(5.5)
The factors of i« = v/—1 have been inserted in just such a way that the dual of the dual

brings one back to where she started:

ret=a . (5.6)

There are various conventions concerning the ¢’s in the definition. My convention, using the

*

factors of i, allows for eigen-2-forms of the * operator, since Eq. (5.6) obviously tells us that

* are just +£1. Many authors omit this extra factor,

the eigenvalues of the duality operator,
which causes the eigenvalues to be 4, but which does not insert factors of ¢ in the process of
taking the dual of some tensor. As it turns out, later, there is considerable value in having

such extra i¢’s when one wants to look at tensors as complex objects.
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Since the definition of (Hodge) duality appears quite complicated, it is worthwhile writing
it down for all plausible exemplars that may occur, in our 4-dimensional spacetime. We do
this for the standard Minkowski tetrad, {dz, dy, dz, dt} = {w"}{, and the bases of each distinct

space of p-forms, AP:

dx dy Ndz N\ dt
1 3. dy | _ [ dzndxAdt
Mot = dendynde |
dt dx N\ dy N dz
A s AV w1 = —ide Ady Adz Adt = =iV, (5.7)
dx N dy dz A\ dt
A2 = A% x| dyAdz = —i| drxAdt] ,
dz N\ dx dy N dt

As an example, consider the electromagnetic 2-form, defined in Egs. (3.8), from which we

have:
0 B* —-BY L,
—B* 0 B* E,

E—= Fw=| g _p= o g |
-E, -E, —E. 0
(5.8)
0 -E* EY B,
] \ | E? 0 -E* B
F= UFw==1l gy g o B

-B, 0-B, —-B, 0
Note that the map from F' to i*[F' is accomplished by sending B — —FE and E — +B ; this
is an approach originally discovered by Maxwell and Hertz. They saw this because of the
intriguing properties of the self-dual part of this tensor, which can be completely characterized

by a single, 3-dimensional but complex vector, C=B+iE:

0 CF —CY —iC,
—Cc* 0 CT -G,
cv —Cc* 0 —iC,
ic, iC, iC. 0

Notice that * (F'+*F) = '+ *F; i.e., this tensor is self-dual, corresponding to an eigenvalue

of +1 under the duality operation.
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As a final completion of the picture, we also give details for 3-dimensional, Euclidean

space, with Cartesian basis, {dz,dy, dz} = {w*}3:

dx dy Ndz
A A x| dy | =~ dznda , A’ - A3 xl=dxAdyANdz . (5.10)
dz dx N dy

As a useful example here, let us begin with that 3 x 3 submatrix of the electromagnetic

2-form that contains only spatial parts, and consider it as a 2-form in 3-dimensional space,

with basis {dz, dy, dz}:

0 B* —BY
—-B* 0 B* = PB=B*dxNdy+ BYdzNdxr+ B"dyNdz
BY -B® 0 (5.11)

— —* B = B*dz+ BYdy+ B"dx .

This shows us that in order to properly move the usual, 3-dimensional, magnetic-field vector, B ,
into a 4-dimensional spacetime, and make appropriate its relationship with the 3-dimensional
electric-field vector, E, we must first take its dual, making it part of a 2-form, instead of a
1-form. [This is what is sometimes stated as saying that B is a different sort of vector than
E. In particular, when one considers their behavior under a parity transformation, E changes
sign, but B does not.] It is of course also true that this particular way of uniting the two
quantities that one thought were both 3-vectors, back in 3-dimensional space, causes the join

to transform in a simple, tensorial, way in the entire spacetime.
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