Structure of the Root Spaces for Simple Lie Algebras

I. Introduction

A Cartan subalgebra, H, of a Lie algebra, G, is a subalgebra, H C G, such that
a. H is nilpotent, i.e., there is some n such that (H)™ = {0}, and
b. also it is its own normalizer, i.e., N'(H) C H:

The normalizer, N'(P), of a subalgebra, P C G, is
NP)={ze€G||[x,P]CP}.

The normalizer is a subalgebra of G, which contains P as an ideal within it; in fact,

it is the largest subalgebra of G for which this is true.

All Lie algebras do contain a Cartan subalgebra.
All Cartan subalgebras contain a regular element (at least when the field over which they are
defined is infinite). Moreover, any two Cartan subalgebras containing the same regular element

are equivalent under inner automorphisms.

For a semisimple Lie algebra, any Cartan subalgebra may be shown to be a maximal, Abelian
subalgebra that contains (at least) one regular element. Finding a regular element and then
creating the maximal, Abelian subalgebra that contains it is a standard method for the con-
struction of the Cartan subalgebra in this case.
A regular element is an element of G such that its adjoint representation has the minimum
possible number of zero eigenvalues for that algebra.
We call that number the rank, r, of the algebra.
For any g € G, we have ad(g)g = [g, g] = 0;
therefore, we know that ad(g) always has at least 1 zero eigenvalue.

The dimension of H, as a vector space, is the same as the rank, r.



As H is Abelian, the adjoint representations of each element can be diagonalized simulta-
neously. Therefore, let us denote the general element by h € H, and write it as h = \'h;, where
{h;}] is a choice of basis for H, and we intend that this “general element” has non-zero values
for all the {\*}7; therefore, ad(h) is an m x m matrix with the r different \; as parameters. We
next hunt for the eigenvalues of ad(h). As all the elements can be simultaneously diagonalized,
these eigenvalues will be linear in these parameters, that distinguish the different elements of
‘H. This then allows us to characterize them as linear functionals over the vector space H, i.e.,
as elements of the dual vector space, usually denoted by H*. Extracting the 0 eigenvalues,
there are (m —r) different ones, possibly counting repetitions, although they are not all linearly
independent since the space is only r-dimensional. We may then find a corresponding set of
eigenvectors, i.e., determine z,, such that ad(h)z, = a(h)z,. Choosing them as a (possibly
new) basis in G, ad(h) will take a diagonal form, with 7 zero’s and each of the other (non-zero)
eigenvalues along the diagonal, in whatever order we have taken the basis. We will generically
use the symbol « for any one of these non-zero, eigenvalue-determined linear functionals, or
a1, o, etc., if it is necessary to consider distinct ones, and will refer to them as roots,

and will denote the set of all the roots by X':
a€Y <« dz,e€suchthat ad(h)zy = [h, 0] = a(h) 24 ; (1.1a)

We may write a(h) = A «a(h;), so that we may present the vector, in H*, in terms of its
(covariant) components, namely (a(hy),a(hs),...,a(h,)). We define the linear span of all

eigenvectors, for a given «a, by G,, and note that the Lie algebra decomposes into

G=He& P Ga - (1.1b)

acl
As a vector space dual to H, the space H* must have dimension r; therefore the m — r
distinct eigenvalues, «,,, are far too many to be used to constitute a basis. Instead they form
a lattice within H*, the structure of which we want to determine. Therefore it is important

to determine a reasonable basis for H*. Using the current, non-canonical, choice of basis for
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H, {h;}, there are two plausible ways to define a basis for H*. An obvious choice for a set
of components for a given « would be to simply use the quantities «(h;), which in fact we
have already labelled as covariant components. A different but very plausible approach to the
question of describing all the roots would be to simply give the value of «(h), i.e., the action
of our eigenvalue cum functional when it acts on the general element of H; however, with
h = A'h;, this amounts to the same as choosing the set of {a(h;) |i=1,...,7}. A “cleverer”
approach is seen by noting the existence of a scalar product on H*, and then using the basis
dual to the {h;}, relative to that scalar product. The scalar product in question can be defined

on ‘H*, and will be determined by the Killing form on G, which we now describe.

II. The quadratic form on G due to Killing, and Cartan

For arbitrary g,p € G, the value of the Killing form on them is defined by

(9,p) = tr {ad(g)ad(p)} . (2.1)

In general, this cannot be taken to be a scalar product on G, since it may be both non-definite
and degenerate. For example, for the 3-dimensional affine (or Euclidean) group in the plane

only one entry is non-zero in the entire 3 x 3 matrix. However, we do have the following:

Cartan’s Criterion: the Killing form of G is non-singular if and only if G is semi-simple.

For {z;} a basis for G, this says that the matrix (z;, ;) is invertible <= G is semi-simple.

For t,h € H, the Killing form, (¢, h), is linear in its arguments. As H* is the space of all
linear functionals over H, it follows that for every ¢t € H there is a unique oy € H* such that
at(h) = (t,h). We however note that in general we will use this correspondence much more

regularly in the opposite direction, defining a mapping from H* to H as follows:

Vaoe H", NtoeH > ah)=(ta,h). (2.2)
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For semi-simple algebras, the Killing form induces a true scalar product on the space of roots,
‘H*, as we now show. We may choose a basis for G so that all the elements of H are diagonal;
therefore, we can immediately note that the Killing form restricted to H gives

(hiohy) = 3 alh)a(h) = 3 (e hi)tahy) = (hih)= Y (lah)® . (23)
acd aed acl

so that (- )‘ is positive-definite, i.e., it is an ordinary scalar product. The induced
HOH

quadratic form on H* is then also a scalar product, defined via
<avﬁ> = (towtﬁ) )
where (, ) H*"xH*—-C, (,):HxH—-C.

(2.4)

Having a scalar product, we may use it in the usual way to define angles between two elements

a, € H":

cos O, p) = _ (B : (2.5)

(o, )(8, 5)

To explicitly determine this mapping, i.e., to find the associated subalgebra member, ¢,
we write out the content of Eq. (2.2) in terms of the basis for H, i.e., write t, = a't; € H*,

and then use the non-singularity of the Killing form:

ta=a'hi = alhy) = (ta, ) = a'(hi hi) = o = {(hi, i)} (i) = g™ a(hy) |
(2.6)
where the last entries involves matrix multiplication (using the Einstein summation convention
on the indices) so that {(¢;,%x)} ! indicates the elements of the matrix inverse to the matrix
of the Killing form of the various basis elements. It is usual to use the matrix (h;, hg) = gir as

a metric when it is non-degenerate, as it is in this case, and we write g** for the inverse metric.

These a'’s may then be thought of as the contravariant components of the functional /vector,
a € H*. On the other hand, we may also better understand the quantities a(tx) mentioned

already by creating a dual basis for the space of functionals:

Tk(ti) = (tyr,t;) = 5f — a = {(l/(tk)}Tk . (2.7)



We are about to study the lattice structure of the roots in some detail. However, in that

section we will need to know that the Killing form is associative, i.e., for x,y,z € G, we have

(x, ]y, 2]) = ([, 9], 2) , associativity for the Killing form. (2.8)

This is therefore a good time to go ahead and provide the proof of that in detail:

(7, [y, 2]) = tr {ad(x)ad([y, z]) } = tr {ad(z)[ad(y), ad(2)]}
= tr {ad(x)ad(y)ad(z) — ad(z)ad(z)ad(y)} 29)
= tr {ad(z)ad(y)ad(z) — ad(y)ad(z)ad(z)} = tr {[ad(x), ad(y)]ad(2)} .

— tr {ad(fa, y])ad(2)} = ([.y]. 2) .

where we have used the very useful property of the adjoint operator that it creates a represen-

tation of the algebra, i.e., preserves (Lie) products:

ad([b7 C]) T = [[b7 C]?"I:] :[QS, [07 b” = [07 [33, b” - [b7 [07 :L‘]]
(2.10)
= —[e, [b,z]] + [b, [c, z]] = [ad(b),ad(c)] x .

A not-too-complicated example of this is probably useful at this point. We will use su(3),
a particular real form of sl(3,C). It is 8 dimensional, with a Cartan subalgebra of dimension

2. Following Cahn we define an arbitrary element of the algebra in the form

g=aly +bT_ 4T, +dUy +eU_ + fVy +gV_ +hY . (2.11)

Cahn chooses the basis for the Cartan subalgebra as {7.,Y}. Using the commutators given
on p. 11 of his book, after fixing the typo’s for [vy,u_] = t; and [u_,vy] = —t4, we can
write the adjoint representation for any one of these, for simplicity writing it for the arbitrary
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element noted above:

T, T- T. U U_ Vi Vo Y
T, [ +¢ 0 —a 0 f —e 0 0
T_ 0 —c b —g 0 0 d 0
T, | =2b 2a 0 e —d —g f 0
ad(g) —= Up| 0 —f 3d h—3ic 0 b 0 —d | (2.12)
U_| g 0 —3¢ 0 ic—h —a e
Vil —=d 0 -3if a 0 h+ 3¢ 0 —f
Vol 0 e 39 0 —b 0 —-h-ic g
Y 0o 0 0 —3Ze 54 -3y 3 0

An example shows how to use this matrix:
If we just wanted ad(V),, we would set f = 1, and all the other parameters to
zero. Thinking of the 8 basis vectors above as basis vectors for 8-dimensional column
vectors, then, for instance, U_ would correspond to a column vector with a +1 in the
fiftth position and the others zero, while T, would be presented as a column vector
with a +1 in the first position and all the others zero. Doing all this, we note that
it does say that the action of ad(V), on U_ is indeed Ty, as was noted above as a

special case.

Then the arbitrary element of the Cartan subalgebra corresponds to maintaining ¢ and
h arbitrary, and setting the others to zero, so that the general element of H is given by
h =cT,+ hY, so that, from Eq. (2.12) above, we have ad(h) = diag(c,—c,0,h — %c, —h +
%c,h + %c, —h — %c, 0), i.e., the diagonal 8 x 8 matrix with these elements on the diagonal.
That this results in a diagonal matrix tells us that we have already chosen the basis for the
algebra as eigenvectors of this choice for a Cartan subalgebra. There are 6 non-zero roots,
three of which are the negatives of the other three; arbitrarily we choose three of them and

refer to them as “the positive roots”:

ar(h)=c, as(h)=—-c/24+h, az(h)=c/2+h. (2.13)



The 3 elements of H that correspond to these 3 roots are just linear combinations of elements
of H, i.e., of the form a T, +bY; therefore we write down equations to determine those, noting

that ag = a1 + ai, so that linearity says we don’t need that equation as well:
c= 051<Tz) = (ta17Tz) = al(TzaTz) + bl()/; Tz) )

0= aq (Y)

(tay,Y) = ar(T2,Y) + b1 (YY)
(2.14)

—1/2 = a(1%) = (tay, T2) = ao(T%, T2) + b2(Y, T%) |

l=0a3(Y) = (ta,,Y) =a2(T.,Y) + b2(Y,Y) .
We may easily resolve these 4 equations for the 4 desired unknowns, were we to know the
actual values of the Killing form, at least as restricted to H. Therefore, we next determine

those:
(T, T.) = tracelad(T:)ad(T.)] =1+ 1+0+ 3+ 1+ 1+ 1 +0=3,
(Y, T,) = (T.,Y) = tracefad(T.)ad()Y) =0+0+0—-3 -2+ 1+ 140=0, (215
(Y,Y) = tracefad(()Y)ad(()Y)] =04+04+0+14+1+1+1+0=14.

Given this (diagonal) matrix, we may resolve our equations above, and also work out the scalar

products between them:

ta, = 3T,
tay = — T+ 1Y,
(01, 01) =(ta, ta,) = (312, $T2) = 4(3) = % ,
(a1, 02) =(tay ta,) = (3T., —tT.+ 1Y) =-L(3)+ 0= _é , (2.16)

(g, ) =(taystas) (_%Tz + ley, _%Tz + iY) = %(3) - 22_14(0) + %(4) =35>

— (e =5 (2 3')

ITI. Generation of the Roots

A. General Properties of Two Arbitrary Roots
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Now let a, 8 € 'H* be 2 roots. Then we easily have
[, [2a, 6] = [2a, (B, 2] — [, [h, za]] = B(R)[2a, 28] — a(h)]zs, Ta]

= {a(h) + 6(h)}za, za] -

(3.1)

We can conclude several useful pieces of information from this result.
1.) The first conclusion is that the algebra in question is graded, which means the fol-
lowing. We recall that G, is the linear span of all those eigenvectors that correspond
to the root a, i.e., to a specific set of eigenvalues for an arbitrary element of H. A
graded algebra is one satisfying the following requirement where {«, 3} are members

of some set closed under a definition of addition:

[ga 795] g ga—l—ﬁ . (32)

That our algebra is graded under the set X' follows from our result.
2.) The detailed information given in Eq. (3.1) allows a division into three distinct, non-
overlapping categories, for our given pair of roots, a and (3, remembering that 0 is

not a root, i.e., not an element of the set 3:

a. if a+ € X, then [z,,25] X Tays, (3.3)
b. orif a+ =0, then [z4, 28] = [Ta,r_-a] € Go =H, (3.4)
c. or, otherwise, x4, 23] = 0. (3.5)

The first of these statements is equivalent to the idea that the eigenvectors z,, under
the action of the commutator, act as raising operators, raising the eigenvalue 3 up to 3 + «a,

whenever 4+ o € X.

To understand a little more about the content of these first two options, we now use the

associativity of the Killing form, rewriting the value of (h, [z4,25]) in two different ways:
(hy [zas xp]) = ([h,xal, 25) = alh)(za; 2p)
(h, [xa, 28]) = ([h, 20l 2p) = —([Xa, b, 25) = —(Tas [h, 28]) = =B(h)(xa,25),  (3.6)
—  A{a(h) + ()} (za,23) = 0.
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Therefore, for the case when 0 # o + 3 € X, we see that the two associated vector spaces are
perpendicular, i.e.,

Ga L Gg . (3.7a)

On the other hand, in the case that o + = 0, i.e., when § = —a, we have

(h, [Ta,T—a]) = a(h)(za, T—0) = (Ta, Z—a)(tas h) , (3.70)

so that the linearity in h will allow us to write the conclusion above about this commutator,

i.e., [Za,T_q] in a somewhat more certain fashion:
[ZayZ—a| = (Ta,T—a)ta € H . (3.7¢)

B. Now we ask which (integer) Multiples of a Root Exist?

First, we show that all non-zero roots come in pairs, & and —«. To see this, presume that
it is in fact not true, i.e., that there exists (at least) one root a € X' such that —a ¢ X, i.e.,
G_o = 0. It then follows that for all 8 € X2, (Gn,Gg) = 0, since it is never true that a+ 3 = 0.
This means that there are vectors in the space for which the Killing form is singular, contrary to
Cartan’s Criterion for semi-simple Lie algebras. The result must then be that our presumption

is wrong, i.e., it is true that all non-zero roots come in + pairs.

Then we want to show that this is really the only allowed, non-trivial multiple of a root;
i.e., the only allowed multiples of a given root, « are just multiplication by 0,+1. As a (useful)
byproduct, we will also show that each root has exactly one eigenvector associated with it,
i.e., that the multiplicity of each non-zero eigenvalue is just +1, or, in other words, that the
dimension of the (vector) subspace G, is just +1, for all « € X. We begin by noting that
Eq. (3.7¢), above, shows that we can always write ¢, in the form of the commutator of two
elements of G. However, the trace of a commutator of two matrices is always zero, which tells

us that the trace of the adjoint representation of any ¢, must be zero, i.e., tr ad(t,) = 0.

Now we pick a particular root «, and consider all its possible, positive integer multiples,

ie., 2a=a+ a, 3a = a+ a+ «a, etc., which we may denote by {ka | £k =1,2,3,...}, and let
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D, Gra be the subspace spanned by the set of those. Not being too sure what is the dimension
of any of these spaces, we denote the dimension, i.e., the multiplicity of the eigenvalue, of
each one by the symbol di, for k£ = 1,2,3,.... Lastly, we know that there is at least one
eigenvector r_,, which may or may not also have a multiplicity greater than 1. Therefore,
pick some particular element from that space, which we call y; i.e., pick some eigenvector such
that [ha,y] = —a(ha)y, and also such that [z4,y] x he € H = Gy. Then, we may look at the

linear span of all these vectors, i.e., V = (y, ha, To, Tha | K =2,3,4,...).

Note that V' C G is preserved when it is acted upon by each, separately, of ad(y) and
ad(xy), since they simply permute the various pieces around. This invariance allows us to
create a basis for G which contains first a basis for V' and then a basis from the rest of G,
only; this causes each of the matrices ad(y) and ad(z,) to have a block diagonal form with a
zero below the upper block, which will then therefore also be true of the product. From this
we infer that the restrictions of ad(y) and ad(z,) to V' determine completely the restriction of
ad(hq) to V; therefore the trace of the restriction of ad(h,) to V is still zero. However, since
the chosen basis for this subspace, V, is a basis of the eigenvectors of h,, the matrix ad(h,,) is

in diagonal form, so that the trace is very easy to calculate:
0 = tr{ad(hq) V} =alhy) (-14+0+d; +do+ds+...). (3.10)

However, we know that d; > +1, since we began with the assumption that o € 3. As well, we
are quite sure that dimensions are never negative numbers, and are always integers. Therefore,

the only allowed solution to the problem is that
dlzl; 0:d2=d3:d4=..., (311)

which is the same as saying that only £1 and 0 are allowed multiples of any root, a € X,
and also that the multiplicity of « is exactly 1. By giving, then, the same argument, but
beginning with —« as the given root, we could show that the multiplicity of —« is also +1.

This completes our desired proof, namely that the only allowed multiples of « as a root are
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+1, and, trivially, zero, and that each of +«a and —a have exactly one and only one associated

eigenvector.

C. Strings of Roots generated by Two Non-Zero Roots

On the other hand, now let «, § € X be two arbitrary roots, but such that a # 8 # —a.
It may well be, then, that o + (8 could be a root, and, then, perhaps, a + 23, etc.. Similarly,
it might be that a — 3 could be a root, and, then, perhaps, a — 23, etc. A sequence like this

can be characterized in general in the form
a+pb,...,a+ 0, a,aa—f3,...,aa—mpg. (3.12)

where, of course, m and p are integers. Such a sequence is called the (3-string containing
a. The integers in question must be finite since there are only finitely many roots, so that
any such string cannot continue indefinitely! The highest element in the string, i.e., the one
with the value p, we will call the “highest root” in the string; it is convenient to give it a name
for the moment, so set v = a + p3. We now want to show that a knowledge of o and f is
sufficient to characterize this (joint) string. We begin by first thinking about Eq. (3.3) which
tells us that the result of the action on x, by x3 is proportional to z,43, assumed non-zero.
However, as these various z,, are only defined as eigenvectors of ad(h), their normalization
is as yet undetermined. Therefore, we are allowed to normalize them as desired. Following
Cahn, p. 34, we may begin with x, = x,4,3 and use the action of ad(x_g) to create each of
the “lower” elements of the string, normalizing as we go by taking the so-created eigenvector
to be correctly normalized:

ad(x,g)j:vv = Ty—jp - (3.13a)

Of course, by our definitions of p and m, this process continues until we have a total of p+m+1
elements in the string. Having created them with this normalization, we can not then ignore
the normalization a second time; therefore, when considering the action of ad(x) on these

objects, we define normalization coefficients N5 g so that

ad(vp)zs = Ns pTs1p, (3.13b)
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for any root § that exists in this string. We now seek a recursion relation for these coefficients
N, _1p3, as follows. However, notational simplicities will make the succeeding calculations
easier to follow; therefore, we adopt the notation N}, as a nice shorthand for N,_;3 3 and also
the symbol x_;, as a shorthand for z,_r3. We may now give the calculation that creates the
desired recursion relation:

N @41 = ad(zg) v = ad(zg) ad(z_g)r—p41 = {ad(z—p) ad(zp) + (zg,2-p) ad(tg)} T—k41
= {ad(z_p) Np—1ad(z_p42) + (¥, 2—p) [V(t5) — (k — 1)B(tg)lw—ps1}

= {Ni—1 + (zg,2-5) [(v,8) = (k = 1){(B, B)]} s,
(3.14)

which gives us the value of Nj in terms of N;_; and other quantities, i.e., a genuine 1-term
recursion relation. However, we also know that Ny = 0, since  is by definition the highest
root in this string, and the action of ad(zg) on it must therefore give zero. This provides the
reference point needed to determine a solution to the equation. By writing down various next

levels of the equation, for example

k=1: Ni=(z3,7-5)(7,0),
k=2: Ny= N+ (g,2_5) [(v,8) —(3,0)] = (xg,2_p) [2(7, B) — (B, beta)] ,
k=3: N3=No+ (vg,2_5) [{(7,8) —2(B,8)] = (v5,7_5) [3(7,6) — 3(3,6)] ,

k=4: Ny=Ns+(zp,2-p) [(7,0) =30, 6)] = (2, 2-p) [4(7,0) = 6(3, 5)] ,

Ny, = (zg,2-5) [k(v,8) — 5k(k —1)(8,8)] . (3.15)

At this point we add the “extra” boundary condition to this problem that allows us to actually
determine the constants themselves. We have already inserted the fact that the string does
not go “upward” past p; now we must also tell the recursion relation that the string does go

“downward” past m, i.e., the entire string has only p + m 4 1 members:

Nptmt1 Zpim = ad(zg) ad(z—g) 2p4m =0, (3.16)
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so that our recursion relation, unusually, has a boundary condition at the other end as well,
so that its values are explicitly determined. Inserting the value k = p +m + 1 into Eq. (3.15),

we may write

0= Nppmer = 0+ m+1)(zs,2-p) {{1.6) — 10+ m)(B.5)} . (3.17)

Since the minimum allowed values for p and m are each zero, we now have the very useful

equation
(,8) _ {a+pB,0)
(8,5) (8,8)

where the last equality comes by recalling the definition of the root 7. From that last equality

ptm=2 (3.18)

as well, we can recover an even more useful equation:

{a, B)

"=

(3.19)

which tells us that this interesting ratio of Killing forms of two distinct roots is in fact an
integer! It is this equation that will guide us in many of our (successful) attempts to uncover
the (rather unexpected) nature of the lattice of roots that lies in H*. We will describe these
properties in the following sequence of “lemmas” concerning them. It may also be convenient

to define a “re-normalized” root, 3, defined so that

2L — m—pz(a,ﬁ>z2<a’ﬁ> :

(8,8)

3 (3.19')
1.) A string of roots can contain no more than 4 roots.

Proof: Suppose that it contains 5! In that event, we can surely label them so that both m
and p have the value 2, i.e., we can name them {a+28,a+ (3, o, a—3,a—23}. Now,
of course (3 is also a root; however, 23 = (a + 2(3) — « is not a root; likewise while
B+ aisaroot 2(8+a) = (a+208)+ « is not a root. Therefore the root n = a+ 20 is
in an a-string of roots with only one element in it, since either subtracting or adding

a to it results in something which is not a root. This implies that for this string, the

corresponding values of m and p are both zero. Likewise, ( = a — 23 has the same
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property, i.e., =20 = (a — 23) — « is not a root, and 2(a — 3) = (o — 20) + « is not

a root, so that the corresponding m and p are again zero:

O:mn—pn:2<n’a> ,
<<§2>> (3.20)
Ozmc—pcz2<a:a>.

Adding these two equalities, we immediately see that it must be that («,«a) = 0.

However, since the scalar product on ‘H* is positive-definite, the only conclusion we

can draw is that a = 0, so that the root does not in fact have 5 elements.

The conclusion to be drawn from the above is that the length of such a string can be

not more than 4. We will in fact see that it can be 4, by the consideration, later on,

of specific cases where this holds—actually in the second rank algebra, G, which we

will look at in some detail. Therefore, we may go ahead and take this to be the case

for now.

We then consider all allowed options, to divine associated allowed values of m and p.
i. if the string has 4 elements, we write it in the form {a + 28,a + 5, a, 0 — 5};

then m — p may only be +3 or +1, depending on where we begin in that string;

ii. if the string has only three elements, then either m — p is +2 or 0;

iii. if the string has only two elements, then m — p = +1, and

iv. if the string has just the single element, then m —p = 0.

We can now study the properties of the cosine of the angle between o and (3, as

given in Eq. (2.5), by re-thinking the derivation of Eq. (3.19) above, as it would be if

applied to the converse notion, i.e., an a-string containing 3. Labelling the m and

p from the first construction by a subscript «, and these second ones by a subscript

B, analogously to that used in the previous derivation, we have

My — Pa = <O‘aﬁ> ) mﬁ_pB:2<ﬂ7a> ’
(3.5) {a, ) (3.21)
) _ (@B (Ba) 1 '
—>  COS G(Oé,ﬁ) = W = Z(ma —pa)(mﬂ _pﬁ) .
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IV.

This tells us that these angles at which two roots meet are incredibly circumscribed;

in all cases, the square of the cosine of that angle must be a fourth of some integer,

12
v 4 4

N[V

i.e., it can only take on the values 0 = %, or

That these angles are so very strongly circumscribed tells us a great deal about the possible
sorts of lattices that can be allowed for the root space of a simple Lie algebra, which will

become clearer yet when we determine a reasonable basis for the vector space, H*.

Simple Roots

A. Positive and Simple Roots

As is plausible, among a set of eigenvalues, there is no particular natural ordering of the
roots. Nonetheless, we shall see that the structure of the root space will allow itself to be
discovered with almost any choice of an ordering. Since we know that every root, «, has its
counterpart —a, it is natural to attempt to choose the “positive” roots. Unfortunately, it is
not immediately clear which ones these are; happily it doesn’t seem to matter much. One
simply goes ahead and makes a choice. The method used by Cahn is “as good as any other,”
and goes like this. First choose a basis for H*, and call it {a’}7. Then, of course, any root, p,
may be written as a linear combination of this basis, say p = > c;a’. We arbitrarily declare
that p is a positive root provided the first non-zero ¢; is a positive number, where the ¢;’s are
ordered as expected, namely ¢, ¢, ... . Otherwise, the root in question is negative. Since the
roots in fact come in pairs, it is obvious that all roots are either positive or negative, and that

the numbers of these are equal.

Having made a choice of an ordered basis for the root space, then we easily determine the
so-induced division of all the roots, i.e., the eigenvalues of ad(h), into the positive roots, and
the negative roots. We may now define a simple root as a positive root which cannot be
written as the sum of two positive roots, and refer to this subset by the symbol II, and label
the simple roots by some labelling set I; i.e., Il = {«; | i € T}.

The simple roots have several quite interesting, and useful, properties:
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a. the difference of two simple roots cannot be a root at all.
Proof: Let a, 3 € II, and suppose that o — 3 € X. Then either o — 3 or 3 — « is a positive
root. Therefore, either (¢ — 3) + 3 = a or (f — a) + @ = [ is the sum of two
positive roots. However, as « and § are both simple roots, this is impossible. The

only conclusion available is that the difference is in fact not a root.

b. for any two simple roots, «, 3 € II, we must have (a, ) < 0.
Proof: Since 8 — « is not a root, the value of m for the a-string containing 3 is 0, so
that m — p is negative or zero. However, our equation for m — p then tells us that

(B,a) <0, as desired.

c. the set of simple roots is linearly independent.
Proof: Linear dependence would say that there are two different linear combinations of the
simple roots that are equal, i.e., there exist sets {a; | i € I} and {b; | j € I} such that
Zaiozi = ijozj ,
i€l jeI
where we move terms from one side of the equation to the other as necessary in order
to ensure that the same root does not occur on both sides of the equation, and so
that all the coefficients {a;} and {b;} are positive.
Assuming that this equation is true, we multiply both sides of it by the left-hand side
and take the scalar product, which gives us
<Z a; oy, Zajaj> = <Z a; o, ijaj> = ZZaibj (ay,a) .
I I I I icl jel
Now, since the expression on the left is a perfect square it is surely positive; however,
the expression on the right involves a sum over positive numbers multiplied by dif-
ferent terms of the form < a;,; >, which is always negative, since ¢ # j. This is
clearly impossible; therefore, our assumption was incorrect, and it is indeed true that

the simple roots are linearly independent.
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d. any positive root may be written as a linear combination of simple roots, with positive

coefficients.

V. The Cartan matrix for a semi-simple Lie algebra

The content of Eq. (3.19) is that a certain ratio is always an integer. We create an r x r
matrix with integer entries, called the Cartan matrixz for G, by using this fact with the set of

simple roots, II, labelling them as {o;}]:

(aj,aj)

This matrix has all 2’s on its diagonal, and, for the off-diagonal elements it has the property that

(5.1)

A;; is proportional to Aj;, which ensures that if 4;; = 0 then A;; = 0, as well as arranging it
so that it can be made symmetric by multiplication by a diagonal matrix. (This last statement
is often stated by simply saying that the matrix is symmetrizable. From our results concerning
the angles between simple roots, its off-diagonal elements will never be positive, and can only
have values selected from the set {0, —1,—2,—3}. Moreover, since our equations tell us that
the product A;;A,, < 4, it follows that if, for instance, A;; = —2 or A;; = —3, then it must

be that Aj; = —1, since their product must be less than 4.

If the Lie algebra is semi-simple, it will be the direct sum of the Cartan matrix for each of
the simple parts which make it up. All the information needed to re-create the structure of a
simple Lie algebra is contained within the Cartan matrix, so that this is an important way to
visualize things. The standard approach is to choose a normalization for the basis of each
G411, i.e., for the eigenvectors of the adjoint representation, labelling them by {e;}] for G; and

{f;}{ for G_1, which satisfies the following (normalized) commutation relations:
les, fi] = ighi s [hiyhgl =0, [hise] = Aigej  [ha, fi] = —Aij fi (5.2a)

the existence and consistency of which was first proved by Chevalley. One may then prove that,
for finite- or affine-Lie algebras, the free (Lie) algebra on these generators is still constrained

by the Serre conditions:
(ade;) %ie; #0, (ade;)' " Mie; =05 (ad fi)' "9 f; =0, (ad f;) " f; #0.  (5.2D)
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(DO NOTE that there are NO sums on any of the indices.) The Serre conditions are simply a
simple, compact way of re-stating the conclusions we have already reached above, concerning

the lengths of various strings, etc.

Let us try to visualize the associated lattice a little bit:
1. First notice that
if the matrix is symmetric, then the simple roots will all have the same length.

The proof is straightforward, since

Aij = 2—<ai7 Oéj)

(aj, oij)

] Aj’L = 2—<Oéj,ai>

(i, i)

As (o, ;) = (o, i), equivalence of the matrix entries requires that the denominators
are equal.

2. Of course, even if it is only true that A;; = Aj;, for some values of 7 and j, then those
(associated) roots are of equal length.

3. Next we calculate the cosine of the angle between two simple roots, o; and «;, given by

our earlier formula, Eq. (3.21), but now using the entries in the Cartan matrix:

iy Lty )5 (g 1 1
cos? O, o) = gzi zz; <<OOZ Sji = ZAijAji =  cosf(w, ;) = ) AijAji

where the minus sign has been inserted because we know that A;; <0, for 7 # 5. This of
course says that the angle between two simple roots will always be obtuse, or right, i.e.,
90° < # < 180°. For instance, the Cartan matrix for sl(3) is 2 x 2, symmetric, and with
Aq15 = —1. This tells us that the two simple roots are the same length, and the angle

between them is such that cos§ = —1/2, i.e., the angle is 120°.

As a detailed example, let us look at the Cartan matrix for sl(4), which is given by

+2 -1 0
A= | -1 42 —1|. (5.3a)
0 -1 +2
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We now show how we may use this matrix to create all the details of the algebra. To begin,

we note that the algebra has rank 3, and the basic details from the matrix may be written as

[hla 61] — 261 9 [hla 62] = —é2, [hla 63] =0 )
[h27€1] = —€1, [h2,€2] = 2ey, [h27€3] = —€3, (5.3b)
[hg, 61] = 0, [hg, 62] = —€92, [hg, 63] = 263 s

where the 3 triplets of generators, {h;}3, {e;}3, {fi}3, are the Chevalley generators for sl(4).

Then the Serre conditions say that all the following commutators vanish:

[617 [617 62“ ’ [617 63] ’ [627 [627 61]] ) [627 [627 63]] ’ [637 61] ) [637 [637 62” ) (5'36)

along with the analogous ones for the f;’s. In addition, these last conditions tell us of the

(expected) existence of some additional non-zero commutators, to which we now give names:

[e1,ea] = €12 #0, lez,ez] =eas 05 [f1, fo] = fi2#0, [fo, fs] = fa3 #0,  (5.3d)
along with the re-statement of the remainder of the Serre conditions (above) as
[e1,€12] =0 = [ea, e12], [e2, 23] = 0 = [e3, €23] , (5.3¢)

again along with the analogous equations for the f;’s. None of this tells us that the commutators
[e1,€23] and [es3, e12] should vanish, so we suppose that they do not; however, we can use the

Jacobi relation to show that they are (closely) related:

€123 = [617 623] = [61, [62, 63]] = —[62, [63, 61]] — [63, [61, 62]] = O — [63, 612] s (53f)

with, again, one last time, the analogous statement for the f;’s. To continue, we must look at

higher-order commutators, using the Jacobi relation. We begin with

le1, e123] = —[e1, [e3, e12]] = +eq, [e12, e3]] = —[ei2, [es, e1]] — [e3, [e1,e12]] =—0—-0=0,
les, e123] = [es, [e1, ea3]] = —[eq, [ea3, e3]] — [ea3,[e3,€1]] = —0—-0=0.
(5.39)
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However the remaining one requires a somewhat more delicate approach:

lea, e123] = [e2, [e1, e23]] = —[ea, [e23, e1]] = [eas, [e1, e2]] + [e1, [e2, €23]] = [e23, e12]
(5.3h)
= —[612, [62, 63]] = +[62, [63, 612]] + [63, [6127 62]] = —[62, 6123] +0.

This tells us that the desired commutator equals its own negative, and therefore must in fact
vanish; however, as well, along the way it told us that another interesting commutator vanishes,
namely [e12, ea3] = 0. Therefore, we have shown that there are no new, non-zero commutators
among the positive grades, and also among the negative grades, by analogy. It is of course
desirable to know about the commutators between the two signs. However, that is surely not
going to describe new non-zero elements. Counting, we see that we now have 15 entries, the
appropriate number for traceless 4 x4 matrices. Notice that {eq, e2, €3} span G; while {e12, €23}

are in Go, with only e123 a member of Gs, those higher yet being all zero.

In this normalization the simple roots are given directly as the rows (or, possibly, columns,
depending on one’s conventions) of the Cartan matrix. Therefore, for sl(4) we already have

the choice of {h;}3 as a basis for its Cartan subalgebra, and the roots may be presented:
a; = (2,-1,0), as = (-1,2,-1), a3 = (0,—1,2). (5.34)

Notice that the matrix is symmetric, so that all 3 simple roots have the same length. As well
the three of them span a 3-dimensional lattice, with angle of 120° between as and both a; and
as, while a; and a3, themselves, are at 90°. For instance, we may set up a standard Cartesian
basis set so that as is along the Z-axis. Then, choose a plane that makes an angle of 120° with
Z, and pick a pair of vectors in that plane that are perpendicular. A (non-symmetric) choice,

normalized to the same length as as, namely 1, is 2a; = v/3% — 2 and 2a3 = —% — :f:/\/§+

We then recall that [e,es], [e2,es], and [e, [e2, €3]] are non-zero, and therefore should

correspond to the roots:

ar+ay = (1,1,-1), as+az3 = (-1,1,1), a1+az+a3 = (1,0,1). (5.35)
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As well, of course, the negative of each of these 6 roots is also a root, for a total of 12 non-zero
roots, and therefore a total of 124+ 3 = 15 = 42 — 1 linearly independent (basis) elements of

the Lie algebra sl(4).

Lastly we present the multiplication table for sl(4), which also was generated simply by
the use of the knowledge of the generators encoded in the Cartan matrix, along with consistent

use of the Jacobi identity:

hilhalhs| ex | f1 | ex | fo |es | f3 | ez J12 €23 faz | e1zs fi23
hi 010|021 |=2f1|—e2| f2 | O | O | ez | —fiz |—e2s| foz |e€123 —fi23
ha 0(0|—e1| f1 |2e2|—2f2|—e3| f3 | ex2 | —fiz | €23 | —fo 0 0
hs 01 0| 0 |—ezf fo |2e3|—2f3]—€12 J12 €23 | —fa3 |eizs —fi23
e1 0| hy |e2| O 0 0 0 fa €123 0 0 fa3
fi 0 [ 0] fiz| 0| 0 | e 0 0 Ji2s | e 0
e 0| he less|] O 0| =fp | 0 fs 0 0
fa 0 | 0| fas | —ex 0 es 0 0 0
€3 0| hs |—ei2s 0 0 —f2 0 —fi2
I3 0 0 —fi2s | —e2 0 —e12 0
e13 0 |—hy—ho| O 0 0 —fs
f12 0 0 0 —e3 0
€23 0 |=h2—hs| O fi
fo3 0 el 0
€123 0 |h1+ho+hs
fi23 0

In some sense the previous construction is “cheating,” since we claim that we already know
the total number of independent basis elements of the algebra. If, in fact, we did not know
this we need some slightly more algorithmic method to ensure that we truly have, at some
level, determined all the roots. Of course, since every root has its negative, it is sufficient if
we can ensure that we have determined all the positive roots. Therefore, let us proceed a bit

more toward the creation of such an algorithm, as is described, for instance, in Chapter 7 of
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Cahn’s book. We begin by choosing an arbitrary simple root, «;, and recalling Eq. (3.19) for
the “length” of the «; string containing an arbitrary positive root (3, which is of course such
that there exist non-negative integers {k; | j € I} to write 8 as a sum of positive roots:

<B,Oél < oy, 04 >
8= E kjoj = m, —p, :2<Oéz o —2 E k; <a] o E kA . (5.3k)
JEI Y (2 (2] (2

Since we know that the p-th element in the string is a root if and only if p is a positive integer,

this gives us the algorithm that says that

B+pa; € ¥ & p:m—Zk:kAji >0.
J
To understand this algorithm a little better, we could use it to go back through the
calculation above to show that it tells us when to stop; however, it is true that the situation
with it is, perhaps, a little bit too straightforward. A perhaps clearer example is to follow
through with this algorithm for an algebra with a non-symmetric Cartan matrix; therefore, we
now demonstrate its use in detail using the matrix for the algebra G5. It is also an interesting

example since its dimension is not a priori known. Therefore we note that the Cartan matrix

G2 (—21 _23) (5.30)

—  ai(h) = [2 -3], as(h) = [-1 2].

is

We then consider the as-string containing «y, which of course has m; — p; = —3. However,
as both these roots are simple, we know that their difference is not a root, so that m; = 0, so

that p; = 3, telling us that the entire string indeed has length 4, i.e., it is given by

o1, ap +ag, a1 +2a, o +3ag .

We may of course also consider the aj-string containing aso, which again has ms = 0, so that
—1 = As1 = mgo — p2 = 0 — po, which tells us that po = 1, so that there is only one element in

that string, namely as + a7, which we already knew was a root.
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Nonetheless, we can continue because we have a new root, indeed 3 new ones. We display

below each of their presentations:

(a1 +a2)(h) = a1(h) + ag(h) =1 —-1],
(011 + 20_/2)(h) = Oél(h) + 20_/2(h) = [0 +1] y

(o1 +3a2)(h) = ai(h) + 3az(h) =[-1 +3],

We then look at the values of m and p for each of them in turn, for both the options of adding
additional multiples of as or ay. We first think about just adding more multiples of as to each
of them, labelling those as m a2, mpo and meo, respectively, knowing, or at least hoping, that
the algorithm will tell us what we have already been told before, namely that this is the entire

string:

maz —paz=—1, mar=1 = ppo=2,
mpa —pp2 =+1, mpy=2 = ppa=1,

mc2 —pc2 =+3, Mmc2=3 = pc2=0.

All this is as was expected, consistently. Now, however, let us consider adding to each of them

a multiple of a;:

mar —par =+1, mar=1 = pa1 =0,
mp1 —p1 =0, mp1 =0 = pp1 =0,

mc1 —pc1=—-1, mc1=0 = pc1=1.

We now explain these last three lines in a little more detail. For the first line, we are first
determining m 41, i.e., for what maximum value of ma; is (o + ag) — majay a root? We
know the answer is +1 because oy is a root and ag — o is not a root. Therefore we can
determine p 41, which turns out to be zero, so that there are no more elements in the string.

At the next line we are asking about the value of mpgs, i.e., for the maximum value such that
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VI

(a1 + 2a2) — mpyaq is still a root. This time the answer must be that mp; = 0, for if we
were to subtract even one multiple of a1, we would obtain just 2as which we know is not a
root. Therefore, again we may determine pg; which again is zero, so that there are no extra
elements in this string; i.e., it is a string of length 1. Lastly, however, we come to the question
as to the string terminating with (a3 + 3a2) — me1aq. As usual we can now see easily that
me1 = 0, since 3 is surely not a root. However, this tells us that po; = 1, meaning that we
are allowed to add one more «; to this string, and still have a root; i.e., we have now found a

new root,

(041—|-3042)+011 =201 +3ay € X
In principle we must now determine its structure, starting with

mp1 —pp1 =1,
(2a1 + 3az)(h) =1 0] =
mp2 —pp2 =0.

We already know that mp; = 1 so that pp; = 0, so that we cannot add a multiple of a;. Also
we know that we cannot subtract any as since if we did so we would have 2(«a; + «s), which
would be twice an actual root, which is not allowed; therefore, we have mps = 0, which tells
us that ppo = 0. Therefore, we may not add any more simple roots to this one, and we are
finished. However, we could probably have argued this one slightly more easily by noting that
adding one more «; would have caused it to be three times the root a; + a9, while adding one
more oo would have caused it to be twice the root ay + 2ais; therefore, this is easily the end of

the line!

Dynkin diagrams associated to a given Cartan matrix

Dynkin diagrams are a simple, 2-dimensional way of recording all the information in an
arbitrary Cartan matrix in terms of some very simple, graphical approach; the idea is very
useful both in remembering the information as well as in the construction of proofs that this

or that diagram is, or is not, allowed.
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To create a Dynkin diagram, we arrange r copies of e, referring to them as vertices.
Sometimes it is valuable to label them, for instance by 1 for the root aq, by 2 for the root s,
and eventually, for instance, by r — 1, for the root a,_;. For each pair of vertices, o; and «y,
connect them by a number of straight lines given by the maximum of |A4;;| or |A;;|. Then,
if |A;;| is greater than 1, put an arrow on the multi-line connecting the vertices that points

toward «;.

In a different set of notes we will give the Dynkin diagrams for a greater many known,
simple Lie algebras. On the other hand, right now we will simply give a few examples, noting

first that the Dynkin diagram for the algebra sl(4) is simply e— e—e

2

Ay =sl(3): ( 1 _21) that corresponds to e—e

Cy =sp(4): (_21 _22> that corresponds to e =<e

Gs: ( 2 _21> that corresponds to e ==e

-3
2 -1 0
B3 = so(7) : —1 2 —1 | that corresponds to e— e =x=e
0o -2 2
2 -1 0

o 06— 0o
that corresponds to
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