Lie Derivatives and (Conformal) Killing Vectors
A conformal Killing vector, E, is a vector field on a manifold that satisfies either of the
following equivalent equations:

égw/ = 5(;1;1/) = ZXg,uu ) (01)
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for some scalar field x. The physical understanding is that when the metric is dragged along
some congruence of curves then it remains itself modulo some scale factor, y, which may,
perhaps, vary from place to place on the manifold. In the case that y is zero, then we refer to
this as a true Killing vector, and, clearly the metric is left completely invariant as it is dragged
along. An obvious example is dragging a spherically symmetric metric along a path of constant
latitude on a sphere. On the other hand, when the quantity x is only constant, the Killing
vector is said to be homothetic, and the metric is being changed by a (constant) scale factor
as it moves along. This too is quite interesting from first principles; a simple example is a
dilatation, where objects are, for instance, enlarged but otherwise unchanged as you proceed
in some direction—toward (spacelike) infinity, perhaps. Lastly, when x is actually a function
on the manifold, then this is a true conformal Killing vector. The meaning of these is not quite
as obvious, but will be shown below to be related to certain invariances not of the metric but,
rather, of the curvature. [Killing vectors are named for a Norwegian mathematician named W.

Killing, who first described these notions in 1892.]

In order to understand this definition we must first back up quite a bit, to understand
the Lie derivative, with respect to some vector field, used in the equation above. As well, we
eventually want to proceed forward from here, because there are integrability conditions, on
the connection and curvature, before they may be satisfied by the manifold, to permit the

existence of such a vector field. We want to describe all these things here in some detail.

Maps between manifolds, and their pullbacks and pushforwards
On some manifold, M, we first choose a point P € U C M and a map, ¢, from U to

some other manifold, NV, which might well just be a different region of our original manifold



M. In particular, let Q = ¢(P) € W C N. Since there are various tensor spaces attached to
the point P, it is reasonable to suppose that this map has a method of correlating tensors over
P € M to tensors over @Q = ¢(P) € N. To explain how this happens we begin with functions,

and define the pullback of functions from N to M.

Let f be a function defined over the neighborhood W C N, i.e., f : W C N — R. Then we

may define an associated function ¢*f : U C M — R, the pullback of f via ¢ as the following:
VSeUC M, (¢°f)(S)=f(a(9)). (1.1)

Since individual coordinates are just functions, this allows me to use a coordinate system near
@ € N to define a coordinate system near P € M. Let {y*}} be a coordinate system defined

over W C N; then {z# = ¢*y#}7 is a proper coordinate system defined over U C M.

Now, since tangent vectors act as operators on functions, this allows us to define the

pushforward of tangent vector fields:
VoeT,, (¢0)eT, , whereVfeF|, (6.0)(f)=v(0"f). (1.2)

To see that there actually is something to this definition, let us calculate the relationship be-
tween the components of the two vector fields, relative to their appropriate coordinate systems,
{y"} and {z"}, as defined above, noting that in coordinates, we may think of f as a function

of the coordinates y*, while ¢* f is a function of the coordinates z*:
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Once we have a way to do this for tangent vectors, we may easily perform the reverse sort
of mapping for 1-forms, remembering that 1-forms map tangent vectors to real numbers: the

pullback of a 1-form, ¢ € Al is denoted by ¢*¢q € Al :
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It is perhaps useful to give a summary of the various other maps, just described above, induced

by our original mapping between manifolds:

6 M — N,
i via @' f=fog,
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Important Ex. ¢*y* = z# ; 1i.e., coord’s on N pulled back to coord’s on M. (1.5)
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Definitions for the Lie derivative of tensor fields

The Lie derivative is a particular method to determine how vector fields are changing in
vector spaces over nearby given points of interest. It is different from the covariant derivative,
as it relies on the behavior of a vector field defined in the neighborhood of the point, rather

than the existence of a connection there.

Following the discussion in §1, we now suppose that the manifold N is indeed the same as
M, and that there is a given congruence of curves connecting U C M and W C N. These
curves all have the same tangent vector field, &, but of course begin at different points in the
neighborhood of P. We take a parameter A along the curves, and may then describe the curve
that begins at R near P € U via the formalism I'(\) = e)‘ZR. For any particular, fixed value of
A, the set of these curves, through points in U, may be thought of as constituting a particular
example of the map ¢ between manifolds, as described above, mapping, for instance P into Q;
therefore, it is reasonable to denote this mapping by the symbol ¢, since there is a different
such map for each value of \. In particular, ¢¢ is then the identity map, and ¢_y = (¢x) 1,

i.e., the inverse map to ¢, exists and is just e ¢,

As an important aside, this construction gives us two modes of thinking about a set
of curves defined over some neighborhood, either as
i.) a congruence of curves, i.e., maps, I'p()\), from A € R to the manifold, parameterized

by the set of (nearby) points on the manifold at which they begin, or
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ii.) a family of maps, ¢,, from the manifold to itself, parameterized by the real number
A. As these are maps from the manifold to itself that contain the identity map—for
A = 0—and maps near the identity—for small values of A—these are often/usually

referred to as a family of flows of the manifold into itself.

The use of these maps, generated by our family of flows, or congruence of curves, allows
us to consider the behavior of whatever type of tensor we want between, for instance, from
the tensor spaces over P € M to those over Q € N; in the language above of course, such a

“push-forward.” Since these maps always have inverses,

relationship would be referred to as a
at least locally, if the tensor is of type [p,q], then we would, technically, be pulling back its
covariant components from J, using gb;l, and pushing forward its contravariant components
to Jg, using ¢, itself. As we are therefore using the behavior both of (¢y). and (¢_x)*, this
generates a minor notational problem for a single symbol to use as the action on Jp. We will
not make too much “noise” about being rigorous about this, and simply use the symbol (¢y ).
as appropriate for this push-forward action on 7', and (¢, )* is we want to begin with elements
from Jg. Therefore, as an example, and in somewhat more mathematical detail, we consider
the particular, easily-generalized, case where T is a type [1,1] tensor over P, then we may define
its pushforward value, (¢,).T, a tensor over @, via the following. We want to understand a
tensor by its (linear) actions on its appropriate domains; therefore, we first choose @ € A|1Q

and v € 7|Q, appropriate domain elements for our desired pushforward, and then pullback the

1-form along the flows, while pushing forward the vector field along the inverse flows:

Y

geAle(m)*geAl‘P, ve‘J" (p_x)s0 €T

N /8f (2.1)
{(62)-(D}(@. ) = Tl(ér)"2. (61).7] = [(@)awa:(ggy)@?)wg.

Likewise, if B is a type [1,1] tensor over @, then we may define its pullback (¢)*B, a tensor

over P via the following

Ben| = (¢_A)*geA1]Q wef]" (63) *wefr)

N (2.2)
[(62)"B)(8, @) = Bl(#3")°B, (¢2)-3] = [(6x)"Bl"s @)(giﬁ)]g



Now if we also suppose that our tensor is defined over an entire neighborhood including
both P and @, and the curve with tangent vector E joining them, we may suppose that we take
the tensor B, say, in the vector space over point Q = ¢»(P), and pull it back to the tensor
space over the point P, using (¢,)*. Will it be the same thing as the original tensor B in the
tensor space over the point P. The answer is “probably not”! However, as both tensors lie in

the same vector space we may certainly ask for the difference, which surely depends on A:

ANT|, = (63)" <T|¢A(P)> -7, . (2.3a)

We may then ask, for the given curve E , what is the first-order change of this sort, which we
will call the Lie derivative in the direction E More precisely, we define the following tensor in
the (appropriate) tensor space at P:

| =m0 (T, ) - T} (23

3

We shall see below that this is indeed a tensor of the same type as T.

To evaluate this geometrically-based idea in terms of components, we first take the coor-
dinates of P as z*#, and then recall that Q) = ¢, (P) lies along the path with tangent vector E,
so that

Q) = (P) + A&"(P) + O(\?) . (2.4a)

This allows us to think of the tensor fields in terms of a functional dependence on the coordi-
nates of the points at which they exist, so that we can represent T p as T[z(P)]. Since we are
comparing two different vectors in the same vector space, with respect to the same basis set,
it is simplest if we look at the problem in terms of its components. Therefore, let us suppose,
again, that T is a type [1,1] tensor, so that with respect to whatever basis is being used its

components are 7" 3. We then which gives us

TV 5lw(Q)] = T"s(x + ) = T 5(z) + AE(T"5)(z) + O(N?) , (2.4b)
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However, as well we have to effect the tensor transformations—push forwards or pull backs—
described above in Egs. (1.5), which requires that we know the relation between the coordinates
{y*} and {z"} at the same point, so that we may act on these components with either dy* /dz",
for the contravariant components, or dz” /dy*, for the covariant components. It is reasonable
to want this relationship at the point P, since that is where we are eventually calculating the
Lie derivative; therefore, in an analogous way to the expression of z¥(Q) via its value, and
that of its first derivative, at P, using Taylor’s Theorem, we may begin with the coordinates
y"*(Q) and use Taylor’s Theorem to express their values, to lowest order in A, at the point
P, remembering that we go from @ to P along the inverse (or reverse) of our curve, so that

Taylor’s Theorem tells us
y"(P) = y"(Q) = A6"(Q) + O(N?). (2.4¢)

However, next we use the fact that the coordinates {y*} are those coordinates near @) that
are pulled back by the map induced by the curve to give the coordinates {z*}w near P; in

particular we have the following:
2" (P) = {(eA)"(y") }(P) = y” (6a(P)) = y"(Q) - (2.4d)
Inserting this into the previous equation we have
y"(P) = a(P) = A€M(Q) + O(N?) . (2.4e)

However, next we relate the values of our vector field, E, at these two (nearby) points, again

using Taylor’s Theorem, going from P to Q:
£1(Q) = €"(P) + AE(E") (P) +O(N?) . (24f)

Inserting this into the previous equation then gives us the relationship that we need, i.e., the
relationship between the two coordinate sets, both as they have values in the near neighborhood

of the point P, where we are dropping additional terms of O(\?):
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y"(P) = x"(P) = A¢"(P)+ O(\?),
oy+ oEH

— =l

= 5"

|P oxV ‘P + O()‘2> ’ (2.49)

ox y y
a_y,ulP - 5u|P +)\€7N‘P +O(>‘2> :

and the inverse relation,
Putting all this together gives us the following (complicated-appearing) expression as the com-
ponent evaluation of Eq. (2.3a), where all quantities concerned are evaluated at the initial
point P:
AT, = {25+ AE(T"9) } {0 = A" )} {07 + AEL} +00) —T*, . (2.4h)
As the zero-order terms (in \) cancel, it is safe to divide by A; then taking the limit as A — 0
eliminates the higher-order terms and gives us the desired form for the Lie derivative:

crt, =¢"0,T", - &, 17, + &1, TH, . (2.5)
3

Some relevant first examples are

for fed, szé‘”@nfzi(f),
13

for €T, LT=8 {& v, —&} = fl0") ~T(E)} = [£T], (20
3

for @€ A', Lao=w {a,,+Ea,} = daE -)+de@),
3

where the equalities at the end of the two last lines are important ways to think about the Lie
derivatives of tangent vectors and 1-forms, respectively. As well, the - in the argument of da
simply indicates that it is waiting for yet one more vector on which to operate; i.e., that term

is a 1-form, as it should be.

I now want to change the above equation so that it involves only covariant derivatives.
Therefore, I will first agree that all calculations in this set of notes will be done in terms of
an ordinary coordinate-basis for tangent vectors, and 1-forms, which will simplify the presen-

tation of the algebra. However, when we acquire the final results they will only use covariant
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derivatives, in such a way that those results are basis independent. We therefore now show
that the derivatives above could be covariant derivatives, without any change in the equation,
remembering that in the (current) coordinate basis the connection is symmetric in its last two

indices. This gives me

LA, = (AF )& —TH N AP+ TP N AM ) — AN, + &AM,
£ (2.7)
- A“l/;/\£>\ - é.M;AAAV + é.A;VAu/\ :

From this calculation we see that for a tensor of arbitrary type, there should be a term which
is simply the covariant derivative, in the &-direction, of the components, and then a term
involving the covariant derivative of &, for each of the covariant components, in turn, with a
plus sign, and a term for each of the contravariant components, in turn, with a minus sign.
We take the above as a general, algebraic description of the Lie derivative of an

arbitrary tensor.

As it is a very important special case, we can write down the Lie derivative of the metric:

éguu = 577 Guvin + gjL Gnv + f,ny un = gnu;u + g,u;u = é(p,;z/) 5 (28)
3

where we have used the fact that the covariant derivative of the metric is identically zero.

We will consider some other important tensors; however, at the moment let us instead
consider the Lie derivative of the components of the connection, since they have a different
transformation law, and therefore we would expect also a different form for the Lie derivative:

A np, = X (XY (XA e, + X (X)) 0,
I n K KT T R T K I (2.9a)
- QF VA :f r vA,n T g’TF v T £’yr At f)\r vr + (57,/),)\ .
3

Now we rewrite this second derivative in terms of a second covariant derivative plus whatever

extra terms are needed, and insert it into the calculation above:

f“;ux\ = f“;u,x + F“az\gg;u - Faux\gu;a = fLA + Fuau,)\fa + F'uaué.:j)\ + FMJASG;V - FUV)\é’P«;U

(2.9b)



This gives us two pairs of terms which are simply the difference of the covariant derivative and
the ordinary derivative, which we replace by the form involving the connection, which results

in the following quite interesting result:
QFMU)\ = f“;U/\ + 2577 {Fuu[)\,n] + PMT[?’]FTV)\]} = 5“;1/)\ - gnRHV/\n . (210)
13

Since the curvature tensor has arisen, it is reasonable that we should also ask about its
Lie derivative. Following the rules above for arbitrary tensors, we may immediately write that

down:
LRywxn = & Ruvxnr + 287 3 Brjan + 287 2\ vy (2.11)
3

so that Egs. (2.8-11) give us the form for the Lie derivative of all the quantities of interest
for our next discussion point, namely the discovery and importance of Killing vectors. [Recall
that the function of the 2’s in the recent equations are simply to cancel the “built-in” 1/2 in

the definition of the commutator brackets for indices.]

Implications from the existence of a Killing Vector

The existence of a Killing vector tells us immediately about the symmetries of the metric.
If, for instance, K = 0/0q is a Killing vector for some manifold, then it is always possible
to arrange a coordinate system, with ¢ as one of the coordinates, so that the components of
the metric with respect to that coordinate basis do not depend on ¢. It should be noted that
this can be done for any collection of Killing vectors provided that they commute with one
another; otherwise, one must choose whichever one is desired. Therefore, for instance, in the
static, spherically-symmetric metric, we may choose coordinates so that g,, are independent

of ¢ and ¢, but may not also eliminate the dependence on 6.

Another very useful feature of Killing vectors is that they may be used to determine
“constants of the motion,” i.e., quantities that will be constant along any given geodesic. To
see this, consider a Killing vector K and a 4-velocity u, tangent to some geodesic motion. Then

it is claimed that the scalar quantity K-u= g([? ,u) is constant along that motion:
WK ) = UV (K" gpau™) = K"V oy, + vV, Ky = Mt Ky, =0, (3.1)
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where the first term vanished because u is a geodesic, and the summation into two copies of

u” in the second term indicated that only the symmetric part of those coefficients contributed.

Further conditions for the existence of a (conformal) Killing Vector

The symmetries that allow the existence of a Killing vector also put constraints on the
connections and curvatures of the manifold; or the values of the connections and curvatures
put additional constraints on the existence of a Killing vector, as one chooses to proceed. We
now proceed, therefore, to resolve the complete set of such constraints, which we think of as

“integrability conditions” for the existence of a Killing vector.

The curvature tensor of a Riemannian manifold measures the lack of commutativity of
covariant derivatives, and also satisfies the first and second Bianchi identities; therefore, be-

ginning with our Killing vector, we may write down the following equations:
Eupr) = T Ry = &' = —RY5E7,
R"\x +R"y + R\ =0, (4.1)
Rox\vum + Rnavu;/\ + R/\nvu;o =0.

We may insert into this identity the requirements for a conformal Killing vector. Putting

the first two of Egs. (4.1) together, and then inserting Egs. (0.1), we have
Suwr — Eunw T 8wy — Evn T vy — S =0,
= Cupn &+ v = Xaguw + X gux + X9
= Eur = — S — S T XATur + XowGur + Xoudrw (4.2)
= Exlonl T [=XonGor + X w9ru + X 2G|

- Rn}\uugn + [_X,ugu)\ + X,v9xu + X,)\guu] )
which may be thought of as the first integrability condition for our original system. However,
using Eq. (2.10), the definition of the Lie derivative for the connection, and multiplying by g*"

to raise the first index, we may rewrite this requirement in the following more geometric form:
gP“VA = g""[=Xm9vr + X 9rn + X AGnw] - (4.3)
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We now inquire as to whether these integrability conditions have integrability conditions
of their own. We do this by considering again the form in Eqs. (4.1) the application of the
relation between commutators of covariant derivatives and curvature, for the third covariant

derivatives of our Killing vector:

5/1;11[)(!]] = RU;LA’I’)&O’;U + Ro.y)\ngu;o- . (44)

We may, however, also calculate the left-hand side of this equation by taking the covariant

derivative of our first integrability equations, Eq. (4.2), which gives:

Euvinn = B pupbom + B pwwm€o + [=Xum9va] + Xovm9alu + X Guv] - (4.5)

Noting that the very last term above vanishes, because x is a scalar, we may equate the two

expressions for the commutator of the derivatives and obtain the following:

gg(RJAuu;n - Ronyp;)\)—f— 50;7730/\1/# - 50;/\307711# + gg;uRJ;u/)\ ( )
4.6

+ fu;oRUw;)\ + Xsvn9xw — X Gnu — XsunGu + X;u vy = 0.
If we now intervene with the second Bianchi identity, and use the definition of the Lie derivative

of the curvature tensor, Eq. (8), we may rewrite the last equation in the following form:

an)\uu = 2XR77>\V/L = Xsn[v9ru] — XA [w9ny] - (47)

Specialization to Homothetic Killing Vectors
A homothetic symmetry requires that x be constant, possibly zero of course, in which case
it would actually be a true Killing vector. We therefore now specialize to the constant case.

Specialization of the equations above gives us

égw/ = 2ng/ )

¢ (5.1)
QF“,,)\ =0= fﬁvRuy,\,7 .

'3 13

The first requirement on the second line is simply a repeat of Eqs. (4.3) in the current

situation; however, it is not immediately obvious that the relation on the curvature given in
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that line is consistent with the previous Eq. (4.7). In order to show that consistency we consider

the following sequence of calculations. First, we find the Lie derivative of the inverse metric:

0= L0 = L(¢"gn) = (Qg’“’) Gux + 9" Lgux

€ £ £ €
_ 2% iz _ nv o (52)
= | L9 | gux +9""2x gux = | L™ | gur + 2X0 ,
€ €
— Lg" = 29" .
£

We may then use that to raise the index on the Lie derivative for the curvature:

éRMuAn - é(guoRauAn) = {Qg’w} Ray/\n + gMU {,QRUV)\U}
13 3 13 3

= _ZXRMVAn + 2XguaRm/)\n =0.

(5.3)

Following that line of calculations, it is also then worthwhile to consider various pieces of the

curvature tensor:

LRun= LRy =0,

13 13
Q,R’ = é(gynRun) - _2X.gm7Rm7 =—-2xR, (54)
3 3
and also LIy = L (9uel70y) = 2X Ty -
3 13

Specialization to Pure Killing Vectors

Here I simply want to summarize the complete set of integrability conditions to find pure
Killing vectors on a given metric manifold with metric-compatible connection, which means
that we re-write the equations above in the special case when the proportionality factor, y,

vanishes (again the 2’s simply cancel out the 1/2’s buit into the defn of the brackets):

0=Lguw = ) »
3

0= QEMV)\ = €M;V)\ - 577 Ruu)\n 5 (61)
13
0=L Ry = §" Rywxnr — 267, Bujrng — 287 0 Ryjrpw -

3
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