Stereographic Projection of the Sphere: continued

II. Vector Potentials for Magnetic Monopoles

Now let’s use these constructions to consider the magnetic field of a magnetic monopole,
were one to exist! It is reasonably obvious what the magnetic field ought to look like, even
though no one has ever found such an object. Using the usual freshman-physics sort of ap-
proach, where we are looking at the field at some arbitrary point 7, due to a monopole where
we take the origin.

B() = T%f . (2.1a)

However, to consider all this from the current point of view we want to write out the 1-form

B, in 3-dimensional space, in spherical coordinates, which would have the same content:

B= 7% dr . (2.1b)

However, it is also true that the magnetic field is a polar vector rather than an axial vector;
this is of course evidenced by the fact that (a) it always finds itself in equations involved in
a cross product, and (b) when one executes a parity transformation the magnetic field is left
invariant, even though most usual vectors—axial vectors—change sign, such as displacement
or velocity. Therefore, the correct way to deal with this 1-form is to find the associated (dual)
2-form which incorporates its true physics. In order to determine this we need to use the
(Hodge) dual of dr—in 3 spatial dimensions only—which we work out by the usual formulae,

using
sdr = r®sin@df A dyp ,
(2.2)
= *xB = +ygsinfdiAdyp.

The point of going this way, of course, is that we all know that that particular one of Maxwell’s
Equations that is V - B = 0 allows us to write B in terms of a vector potential, i.e., there exists
some 3-vector A such that B = V x A. When all this is written in terms of the magnetic 2-

form it fits much more easily into the context of Poincaré’s Lemma. We recall that Poincaré’s



Lemma tells us that, at least in a sufficiently nice neighborhood of some point, any closed

(differential) form may be written as the exterior derivative of some form of one lower order:
for * B such that d+« B =0, there exists a form, 4, such that « B=dA . (2.3)

We apply this to our particular *B, we easily see that it is indeed closed:
dx B =d{gsin0dd Ndp}=0. (2.4a)

Therefore, there should be some A the exterior derivative of which would give us *B. It is
reasonably easy to see how to obtain such a 1-form, although it also turns out that it’s not

particularly unique:
A=Fg(l1+tcosb)dp = dA=+gsinfdfdNdp==xB. (2.4b)

Still, the fact that it is not unique is not too much trouble, since we already know that
there should be gauge freedom in vector potentials, where one can add, to the usual 3-vector
formulation, a gradient of some scalar. In our particular approach based on differential forms,
it should be obvious that two different 1-forms that differ by a total derivative of a scalar
function would give the same exterior derivative. In symbols one says this in the following

way, using the fact that the second exterior derivative is always zero:
A=A'"+df = dA=dA +ddf =d4’. (2.5)

Then, for our particular case, we may consider the two different forms of A as given above as

an 4 and a A’, and consider the gauge function, f that relates them:
A—A'= [g(l — cos ) dgo] — [ —g(14+cosf)dp| =2gdp = d(2g9p) = df . (2.6)

Unfortunately, the quantity ¢ is NOT a continuous function on the sphere, as already discussed.
In particular notice that if, for instance, we pick some circle on the sphere of constant 6, and

integrate this 1-form dy all the way around it, continuity alone would require that this integral
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give zero; i.e., f: df = f(a)— f(a) = 0. Unfortunately the integral of df above gives a non-zero
result. As well, the integral of either version of 4 would also give a non-zero result! This tells

us that these scalars and 1-forms are NOT properly defined.

On the other hand in case you think that the problems here are just because we are
looking at in terms of these differential forms, instead of in terms of the “real” 3-vectors that

one “should” use, let us go back and look at it that way. In this approach we need a 3-vector

A such that

g sinf
L &. 2.
le:cosﬁgp (2.7a)

B=Zr=Vxd — A=t%

,
It is clear that each of these two versions for the vector potential has a very serious difficulty
at either the North pole, where cosf = 1, or the South pole, where cos§ = —1. In this form

of the vector potentials, one can again ask about the gauge function relating the two distinct

choices:

- o gsinf 1 —1 ) 29 .
r {1—}—005«9 1—sin0}c'0 rsing” (29¢) (2.75)
As before there is this serious problem that ¢ is not a well-defined, or even everywhere contin-

uous, function.

Having discussed the fact that all this does not really make quite good sense, I will point
out that this bothered Dirac a lot, and he concluded—using the 3-vector approach described
just above—that one had to insist on restrictions on physical quantities which would negate
the problems here. In particular he chose that version of the vector potential which was well-
behaved at the North pole, so that it had a problem at the South pole. He therefore insisted
that the monopole had to have some sort of “string” attached to it that extended to infinity
along the South pole, which required him to insist that integrals of flux around the South pole
were integer multiples of 2r—since they occurred in the argument of an exponential.

On the other hand, let us try to see more what he might ought to have thought by using our

properly defined N-stereographic and/or S-stereographic coordinates on the sphere to re-write
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all of this discussion in terms of proper quantities. We begin by considering the N-stereographic

coordinates, and differentiating the mapping in Eqs. (1.1):

&/a cos @ df + sin @ sin o dyp
dﬂ?l:d = — s
1-C(/a 1 —cosf
n/a sin p df — sin @ cos p dy
= = — 2.8
@Yz dl—(/a 1 —cosf ’ (28a)
sin ¢
— dxiANdypg = — ———=di Ndyp .
B (1 —cosf)? 7

On the other hand, it is easy to determine that

ing \’ 2
l4a24+y2=1 = - . 2.8
Tt +<1—cosc9 1 —cosf (2:80)

Therefore we may determine that the presentation of the magnetic 2-form in these (smooth,
i.e., approved) N-pole coordinates is given by

dazl VAN d’yl

gsin@di Ndp = B = —4g—5—5> ,
[+ 2% +yil?

(2.9a)

where we can see that the expression is well-behaved, differentiable, etc., in all of Uy, i.e.,
any open region that excludes the N pole. It is also still obvious that this 2-form is closed.
(Actually all 2-forms on a 2-dimensional manifold are closed, of course.) One can go through
the same calculation in Us, which gives us the presentation in those coordinates:

dzo Nd
«B = +4g L2 Y2

———575 2.9b
) [+ 25 + 32 (290)

which is again valid in any open region that avoids the S pole. On the other hand, more
important is the fact that if we restrict ourselves to the region of overlap of their coordinate
charts, these two are equivalent; i.e., in Uy N Us, we may use the transition functions to change
the expression of one into the other coordinates, which in fact gives us the other expression.
That is, since U; UUs is the entire sphere, we may use the two expressions in the two coordinate

patches to define a globally well-defined 2-form everywhere on the sphere.
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Since * B is globally defined, and also closed, we may look for a 1-form which is its potential.

While it may not be completely obvious to you the N-coordinate answer is

g [ridys —yida
2| T+ai+wt 7

g
Il

(2.10)

which is well-defined in all of U;. One could have derived this result by, again, performing a
transformation from the poorly-defined one given above in terms of # and ; after all, that one
is acceptable in a region that includes neither pole. However, I will prove that it is true by

simply taking its exterior derivative, to obtain our desired 2-form:

g [ 2dxz1 A dyq T1dy; — y1dxy }
dp = — =< ———=5 — 2(x1dxy + y1dyr) A
N Q{Hx%y% (raden 1) [1+a% +yi]? (2.11)
d1171 VAN dyl '
=9 5 a0 — *B| -
1+ 27+ yi] U,
On the other hand, if we were to work in the S-coordinates, the appropriate 1-form is
Todys — yodx
g = +3 23/22312 22’
2 1+4x3+y;
dio A d (2.12)
N~ 2 Y2

et e~ Pl

Recall that the magnetic field 2-form has a different coordinate expression in the two different
coordinate charts, U; and Us, but, in the overlap zone of those two charts—the entire sphere
except for small neighborhoods of the two poles—the two expressions are equivalent. On the
other hand, this is not true for the two different vector potential 1-forms shown just above. To
see this we transform £ into the S-coordinates, again well-defined in the region of overlap. A

little algebra gives us

_g{xldyl—yldasl} :p:_{ g/2 (xzdyz—y2da:2)}
2| 1+af+yi ~ (£2/2)2 4+ (y2/2)* \ 1+ 23+ 43

Todys — yadxs
x5 + Y3

(2.13)

g
~ 2 ~ ~

It is clear that the 1-form 7 is not zero; moreover, it becomes singular at both the N- and the
S-poles. Nonetheless, it is closed as we see by computing its exterior derivative:

dxa N\ dyz p (z2dxs + yodys) A (vadys — yodxs)
3 + Y3 (23 + v3)?

dr = —g =0. (2.14)



Therefore, as we already knew, dp and do are the same, wherever they are both defined. The
conclusion is the following:
The 2-form *[33 is defined over the entire sphere, albeit of course
that its coordinate presentation is different depending on which
coordinate chart one uses, and that there is no single coordinate
chart valid over the entire sphere. Moreover, it is everywhere
closed, so that in any small, arc-connected (or star-shaped) neigh-
borhood there is a potential 1-form, i.e., one such that its exterior

derivative is the original 2-form.

However, there does NOT exist a single 1-form which has the property
that it constitutes a potential, as defined above. In different portions of
the sphere the 1-form in question is not equivalent to all the other 1-
forms appropriate in other coordinate charts. That such a 2-form exists

is a consequence of the topology of the sphere on which things are being

defined.

I lastly simply point out that the 1-forms p and o are indeed the two forms shown earlier
for A and A’, in Eqs. (2.7a,b) and their difference, 7 is exactly the same as the difference,

proportional to dp shown in Eq. (2.7b).



