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Spherically Symmetric, Static Space-Time

Metric Structure

We take the metric in the following form, along with the choice for (orthonormal) tetrad:

ds* =g = J(r)dr? + r3(d6? +sin? 0 dp?) — H(r)dt> = (w")? + w’)? + (w¥)? — (wh)?,
W' = Jdr, c,gézrdﬁ, w? =rsinfdy , c,gfzx/ﬁdt.

The “guess” method of determining the connection 1-forms, ['*,, works in a straight-forward

way, giving the following results:
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where the prime is used to indicate derivative with respect to r, ie., H = dH/dr.
The curvature 2-forms are then easily calculated, and give
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Since there are only 4 independent functional quantities involved in the list of curvature com-

ponents given above, it is useful to define the following names for them:
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Here is a useful method to describe the components of the curvature tensor.
In general we can always write the curvature in the form of a 6 x 6-matrix, and also we may
break it up into four distinct 3 x 3 matrices. We will order the rows and columns of this
matrix as {03, pr, #0; 71, 01, pi}:

RAB:(II\\fT g) (5a)



Here M and Q are symmetric matrices, while N is traceless, but not symmetric. The two
symmetric matrices each have 6 independent components, while N has 8, for a total of 20.
[It is the traceless property of N that corresponds to the first Bianchi identity, i.e., the
statement that Q%3 A w? = 0, which is really only one constraint on the 21 that you would
have were the curvature components simply skew in each pair and symmetric under their
interchange.] More precisely the different parts of the curvature are displayed, in this mode,
as follows:
Ry = trace(Q), Ry = eijxN* = (N — N7T);,, with i,j,k in cyclic order ,
Rij = —(M+ Q);; + 6;j[trace(M)], 3R = trace(M — Q) , (5b)

Gy =trace(M), G =Ry, Gij = —-(M+ Q) + dij[trace(M)] .

In the general case, we also want to pick out the conformal tensor, which is defined as follows:
C/LV}\T] = R;U/)\n - gu[ARn]V + gu[)\Rn]M + %gu[)\gn]uR ) R = RA)\ . (50)

In the current mode of presentation the 10 independent components of the conformal, or
Weyl, tensor are best presented via a traceless, symmetric, complex 3 x 3 matrix, P, which
would have 5 independent complex components and therefore 10 independent, real compo-

nents:
P=3;{M-Q) - iftraceM — Q)] +i(IN + NT)} , (5d)

where here I3 is just the usual 3 x 3 identity matrix. Notice that when the Ricci tensor
vanishes, i.e., for vacuum solutions of the Einstein field equations, we have simply that
P = M +iN. The number, and degeneracy, of this matrix determines what is referred to as
the Petrov type, and is an important way to distinguish various classes of vacuum solutions.

As well the quantities trace(P?) and trace(P?) are functional invariants of the manifold.

Returning now to our particular case, we see that the matrix R is diagonal, with N = 0:

B 0 0 D 0 0
M=|0 A 0], Q=(0 cCc o]. (6)
0 0 A 0 0 C



Notice that the equality of the second and third diagonal elements of each of M and Q come

from the spherical symmetry of the problem, i.e., the fact that § and ¢ are being treated

equally. Therefore, we may now determine the Ricci tensor, R,, = R? uiv, or the Einstein
tensor, G, = Ry — % gWR’\ x, and also the conformal tensor. We have

Ri+ =2A-D, Rjz=A+B-C=Rys, Ryp=D+2C, (7)

Gy =traceM) =B+2A, G4 =2C-B, Gj=D+C-A==Ggyy, (8)

R = trace(Ricci) = —trace(Finstein) = 2[trace(Q) — trace(M)] = 2(2A + B — D — 2C)(9)

At least for the Einstein tensor I go ahead and write out these components explicitly:
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We also want to see the conformal tensor explicitly. The non-zero components are simply

=+2p,
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Ciorg = —P = Cigig » Céc,bé@
Cotor = T0 = Cotpr » - Crirt = =20, (11)
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Geodesic Structure
The equations for parallel transport of an arbitrary vector v, along a curve with tangent
vector u, may be written in the following form, where prime means the action of u on the

scalar in question, i.e., it is the derivative with respect to the parameter along the curve:
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When w is timelike, i.e., is the tangent vector to a curve describing a possible motion for a
physical creature, and also when we use that creature’s proper time, 7, as the parameter along
that curve, then we refer to it as the /-velocity for that creature, and because we are using the
proper time as the parameter, it has the property that u? = —1. If we use an orthonormal
basis for our vectors, then we may divide it further, and easily relate it to the more ordinary

3-velocity, . In such an orthonormal basis, we may write

~9 N2 i\2 =
u = ()" = (u) =-1, o o (14a)
u'/ ut =o',
so that the content of the statement that 72 = —1 is now the same as the familiar statement

that y~2 = 1 — (¥)2. In our problem this means

u' = (VI re, rsinfy, VHt),

dr’ (14b)

In the case that we choose u itself as v, i.e., when we are determining equations to insist

that u defines a geodesic path, then the symmetries of the metric immediately allow all of these

equations to be integrated, where we put directly into evidence those equations which contain
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the 3 constants of integration:
( VHu'=Ht =A
= —p¢/pn —the energy per unit (test particle) mass, dimensionless,

?sin®0 ¢’ = B = p,/mass ,

rsinfu? =r
—the z-component of angular momentum per unit (test particle) mass ,

which has the dimension of length,

ru’ =% = j:\/ﬁz — B2/sin?0 ,
or (r’QV)% = (r?0")? + (r?sin® 0 ') = 1?
with ¢ the total angular momentum per unit (test particle) mass,

of the dimension of length,

. where A, B, and ¢ are constants.
(15)

We also immediately notice that

(1) if one takes @ = 7/2, and 0" = 0, then the geodesic remains, always, within the equatorial
plane, with £ = B so that 6’ remains zero, and

(2) the remainder of the equations may be written in a form appropriate for motion in that

equatorial plane:
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along with the normalization equation
B\®> A2
J(r')?* + <7> A (17a)

where 1 takes on the values +1 or 0, depending on whether the geodesic is timelike or null.
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The solutions of these equations, then, have trajectories, i.e., r versus ¢ in the equatorial
plane—where 0 = 7/2, 8" = 0—of the form

dr\? 1 rt A2t
L) = | 24 2 17b
(dgp) J{MBQ | (175)

Applications to Vacuum
The general, relevant solution to the Einstein vacuum, field equations is given by J~! =
H=1- 2%, where M is a constant of integration, interpreted as the central mass, that causes
the gravitational field at large distances consonant with Newtonian gravity. The particular
value of that constant is determined, of course, by knowing that H =~ (1+ ¢)?, for small values
of ¢, the gravitational potential, and that the gravitational potential for a central mass is such

that ¢ — 0.

T—00
Under these circumstances, i.e., in vacuum, it is useful to rewrite some things taking
account of these values of H and J. We especially now rewrite the particle-motion equations,

for the vacuum case, with prime denoting the derivative with respect to proper time, 7:
take the following definition: H=vVH =1/VJ ;

(Wb +H u"uf =0,

5 H . 5 cotf H cot 6
6 7,0 Wu? =
(W) + —uu’ = ——=(u?)? = 0, () + —u"u? + ——u’u? =0, (18a)
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while the orbit equation—the specialization to vacuum of Eq. (17b)—has the form

du\® 1 [dr\® A2 2m 1 1
(dw> rd (dsf)) g7 <T2 i BQ) ’ (186)

where w = 1/r and g = 0 or 1, as usual, for null or timelike geodesics. The general solution of

this equation may be written in the form

2m
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where P(z) is the Weierstrass elliptic function. The Weierstrass function is an even function
of complex z, with a double pole at z = 0, and has two independent periods, whose ratio is

always complex, and satisfies the first-order, nonlinear ode:
(P2 =4P3 —aP - b,

where a and b are constants determined by the periods.



Applications to Spherically-Symmetric, Ideal Fluids at Rest
If we agree to model a non-rotating star by an ideal fluid, then, at rest, it is characterized
totally by its density, p, and its pressure P, both of which must depend only upon the radial

variable r. Then the Einstein equations read
Gu =811, —ANgp =81 {P g+ (p+ P)ur'u"} —Ag,. . (19)

We can see that, were one to care, the cosmological constant acts something like a negative
pressure in this situation.
Using these equations, and setting A = 0, we get
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Progressing onward to the other equations, we find the Tolman-Oppenheimer-Volkov

(20)

equation, which gives a relation between the pressure, P, and the density p, namely

dpP M(r) + 4mr3 P
- — 21
dr (p+P) r(r—2M(r)) ’ (21)
and the equation which, in principle, can be used to determine H = H(r), namely
d H’ J—1 2M(r) +8xr3P
—(logH) = — =8nrPJ = 22
dr( og H) H mrPJ(r) + r r(r —2M(r)) (22)

In the simple case, where we assume p = pg, i.e., a constant, we can integrate these

equations and find that
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Since we want to insist that the pressure at the center not be infinite, this puts a bound on
R, namely that it must be greater than %M , which is already greater than 2M, thus keeping
the horizon of the exterior solution inside itself—for this case of constant density. We note that
in fact this bound on R/M can be shown without such a stringent assumption; it is sufficient
to assume that

i.) there exists a quantity R such that p(r) =0 for all » > R,

ii.) that the density is monotone decreasing, i.e., that dp/dr <0,

iii.) and that 2M(r) < r, i.e., that J is non-singular within the fluid.

Applications to Time-Dependence, as well
In the event where J and H and both allowed to depend on time, as well as the radial
coordinate, then there are slight changes in the connections and curvature. We find that only

one connection 1-form is changed, namely

1 g,
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where the overdot indicates a time derivative. In the same way, 3 of the Cartan curvature

2-forms acquire extra terms:

H(J)2—2JHJ + JJH
4(JH)? ’
I

VJH Hrppr

This generates a single non-diagonal term in the Ricci tensor, as well as some additional terms

R;;:; has the additional term
(25)
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in Ggs = Gog: ‘
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