
Lie Perturbation Theory

8. The Geometry and the Perturbing Equations

As is usual in perturbation theory, we begin with some integrable problem, with some Hamil-
tonian H0, which we may think of in terms of flows, ϕH , with parameter t, generated by the vector
field ∆̃0; and also the complete problem, with Hamiltonian H, which is also assumed integrable,
generated by the yet-to-be-determined vector field d/dt = ∆̃:

H = H0 + εH1 , action-angle variables for
{

H0 defined as ξ = (φ0, J0) ,
H defined as η = (φ, J) = η(ξ, t; ε) .

(8.1a)

Since, for each value of ε, the variables ξα and the variables ηµ are canonical variables on the
phasespace, there is a canonical transformation between them; i.e., as ε varies, we have a continuous,
1-parameter family of canonical transformations. Therefore, we may say that

∆̃ =
d

dt
=

dqa

dt
∂qa +

dpb

dt
∂pb

+
∂

∂t
=

∂H

∂pa
∂qa − ∂H

∂qa
∂pb

+
∂

∂t
≡ X̃

H
+

∂

∂t
= {•,H}+

∂

∂t
(8.1b)

is a vector field, with parameter t, in the tangent bundle to T ∗Q, generated by the Hamiltonian H.
Movement along the flow of this vector field corresponds to movement from some initial condition
of the system, say ζ, equal to what one may call the initial condition, to some later condition,
ξ = ξ(ζ, t), at time, t. Referring to this flow as the mapping φh, we may consider this mapping, for
some value of t, as giving us ξ = ξ(ζ, t) = φh(ζ), where on the right-hand side the parameter value
along the flow, i.e., t, has simply been suppressed (for ease of notation).

In the same way, we may say that there is a vector field in the tangent bundle, d/dε, with
parameter ε, and movement from the initial value of ε = 0 to some larger value of ε constitutes a
“motion” from the unperturbed system to the perturbed one, with that value of ε as the coupling
between them. Analogous to the Hamiltonian, we will take the Lie generating function of this
motion as G, i.e., the infinitesimal generator of this family of canonical transformations, and realize
that the vector d/dε is just the same as the Hamiltonian vector field made from G; i.e., X̃G = d/dε

is analogous to ∆̃ = X̃H . Therefore it is also true that we may write

d

dε
=

∂G

∂pa
∂qa − ∂G

∂qa
∂pb

+
∂

∂ε
≡ X̃

G
+

∂

∂ε
= {•, G}+

∂

∂ε
. (8.2)

Beginning at some particular point in phasespace corresponding to the state of the system at,
for instance, the initial time, and so the point with coordinates ζ in phasespace, we may move along
a flow in the ε-direction, i.e., along the curves with tangent vector given by X̃G , a parameter value
ε away from 0, and come to the situation for the perturbed system, at that same time. Therefore,
in an analogous way to the time development, we may suppose that we again begin at the initial
time, and move forward some parameter value ε along this flow, which we denote by φg. We could
write η(ξ, 0; ε) = φgζ or, more generally, η(ξ, t; ε) = φgξ(ζ, t). We conceive of this flow as a mapping
of an initial neighborhood, U0 ∈ T ∗Q to a final neighborhood, Uε ∈ T ∗Q, and label the flow by
φg : U0 → Uε. The map φg maps points of the manifold into other points on the manifold. We,
however, are dealing with functions defined over the manifold; indeed, even the way we label those
points, via their coordinates, are in fact functions of those points. Therefore, we need now to have
a way to “drag” those functions along when we follow along these curves; the standard way to do
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this is via a so-called pullback of a map between manifolds: Given a map between manifolds, or, as
in this case, between different neighborhoods of the same manifold, we may define a map between
the functions over those manifolds. We label those neighborhoods as U0 and Uε, and the space of
(smooth) functions over those neighborhoods by F0 and Fε:

φg : U0 → Uε i.e., for P ∈ U0 , φg(P ) = Q ∈ Uε ;
=⇒ φ∗g : Fε → F0 i.e., for f ∈ Fε , (φ∗gf)(ξ) ≡ f [φg(ξ)] = (f ◦ φg)(ξ) = f(η) ,

(8.3a)

where the ◦ denotes the convolution of functions. However, since our maps are canonical transfor-
mations, and therefore surely invertible, we may also involve the inverse flow:

φ−1
g : Uε → U0 , i.e., ξ ≡ φ−1

g (η) ;

for j ∈ F0 , [(φ−1
g )∗j](η) = (j ◦ φ−1

g )(η) = j(ξ) .
(8.3b)

It should be noted that our φ∗g is the operator that José refers to as U−1, and the same as the one
that Lichtenberg refers to as T ; as well, therefore, José’s φG, which maps points with coordinates
ξ into points with coordinates η, is the same as our φg. The equations just above have the same
content as José’s Eqs. (6.120-1).

We therefore now try to consider how these things vary as we vary ε. In particular, let us
consider the following equation picked out of those above, which is the same as Jose’s Eq. (6.121),
and then differentiate it with respect to ε, assuming that we have a function F = F (η, t; ε) that
depends on ε explicitly and also through η:

for F ∈ Fε , F (η) = (φ∗gF )(ξ)

=⇒ dF (η)
dε

= [
∂φ∗g
∂ε

F ](ξ) + [φ∗g
∂F

∂ε
](ξ) = (φ−1

g )∗[
∂φ∗g
∂ε

F ](η) +
∂F

∂ε
(η) ,

(8.4a)

where the last equality is required by the desire to express both sides of the equation as functions of
the same variables, i.e., to define both sides as functions on the same neighborhood of the manifold.
(To get the first term after the last equal sign we pulled back our composite function again.)

However, since G is the generating function for the flows that have ε as parameter, we may
apply Eq. (8.2) to our function F = F (η; ε), remembering that it is also an explicit function of ε, but
suppressing that in the notation, we have just the standard form involving Poisson brackets:

d

dε
F (η) = {F (η), G}+

∂F

∂ε
(η) . (8.4b)

Comparing Eqs. (8.4a) and (8.4b) we obtain a very interesting and useful equation relating the
derivative of the induced maps with the Poisson bracket taken with the generating function:

(φ−1
g )∗[

∂φ∗g
∂ε

F ](η) = {F (η), G} = X̃
G
F (η) = L

X̃
G

F (η) . (8.5a)

Here the action of X̃
G

on F ∈ Fε has also been written as the (equivalent) action of the Lie derivative
in the direction of X̃G on F . When acting on functions these two are equivalent; however, the Lie
derivative is a more general object that is allowed to act on the elements of any sort of space of tensor
fields; this will be useful in more advanced situations, and is a language that is incredibly common
in this area of inquiry.
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Factoring out the arbitrary function F , and the variables on which it depends, which live in Uε,
we have a very useful equality between our important operators, valid as an operator equation to act
in any of the associated tensor spaces associated with Uε:

for G ∈ Fε and X̃G ∈ Tε (φ−1
g )∗

∂φ∗g
∂ε

= X̃G = L
X̃

G

= −∂(φ−1
g )∗

∂ε
φ∗g , (8.5b)

where the last equality follows because the flow forward followed by the flow backward simply gives
the identity map. It is worth pointing out that this reasonably lengthy derivation has given us a
very reasonable and expected answer, were we to have put in rather more time into worrying with
the underlying differential geometry of the problem. By re-writing this equation in the more direct
form, we may formally integrate the equation—in the case when G does not depend on ε—to obtain
a different way to visualize our pullback mapping:

∂φ∗g
∂ε

= φ∗gLX̃
G

=⇒ φ∗g = e
εL

X̃
G ≡

∞∑
n=0

εn

n!
(L

X̃
G

)n . (8.5c)

Such a presentation is often referred to as a Lie series, and is a fairly standard way to implement
explicit algebraic calculations of presentations of such mappings. One can also note that the 1-
parameter flow, of the points on the manifold themselves, along the vector field X̃

G
, a parameter

distance ε is often expressed in the form

φg = eεX̃
G =⇒ ∂φg

∂ε
= +X̃G eεX̃

G = X̃Gφg , (8.5d)

so that our earlier equation, Eq. (8.5b), is simply the pullback of this standard form for the behavior
of the generators of 1-parameter mappings, and the replacement of the vector field itself by the
Lie derivative in that direction allows us to apply the formula on any tensor space, since, also, our
manifold mapping is invertible. Lastly, it is worth noting that José’s PG would seem to me to be
just the same as our X̃

G
, which we are now writing, sometimes, in the form of the Lie derivative in

that direction. However, our equation Eq. (8.5b) is not his Eq. (6.125), which distinction we will try
to understand below. On the other this operator is in fact equal to Lichtenberg’s operator −Lw; i.e.,
X̃Gf = {f,G} = −{G, f} ≡ −LGf , since his w is the same as our G. The reason for the difference
in sign will also be discussed below.

One reason for the common use of Lie series is the fact that they agree so very well with the
properties of the symplectic form, i.e., with the Poisson bracket:

L
X̃

G

f ≡ {f,G} ,

=⇒ L
X̃

G

{f, j} ≡ {{f, j}, G} = {f, {j, G}}+ {j, {G, f}} = {f,L
X̃

G

j}+ {L
X̃

G

f, j} ,
[L

X̃
G

,L
X̃

W

]
f = {{f, W}, G} − {{f, G},W} = −{f, {G,W}} = −L

X̃{G,W}
,

(8.6a)

where the Jacobi identity for the Poisson bracket has been used in each of the last two lines. The
second equality tells us that the Lie derivative simply moves inside a Poisson bracket and acts like a
derivation there on its parts! Because of this, again when G is independent of ε, we may exponentiate
this relation, using Eq. (8.5c), to obtain the action of the flow on the Poisson bracket:

φ∗g{f, j} = {φ∗gf, j}+ {f, φ∗gj} . (8.6b)
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This says that motion along the ε-flow preserves the Poisson bracket; therefore, in particular when
we use the ε-flow (generated by G), or the presentation via the Lie series, on a set of canonical
coordinates, the set of coordinates remains canonical. [When one uses d/dε instead of L

X̃
G

, i.e.,
when the generating function G depends explicitly on ε, this virtue of the equations is still true,
although the corresponding formulae become rather more complicated in appearance. In that case
the general method is often referred to as Lie transforms, rather than Lie series, and will be
discussed somewhat later, following Deprit.]

On the other hand, the last line of Eqs. (8.6a) is somewhat distracting, because of the perhaps-
unexpected minus sign it contains. Because of this some people use a different definition for the Lie
derivative with respect to a Hamiltonian vector field. I will refer to this definition using Lichtenberg’s
form,

LG ≡ {G, •} =⇒ LGf ≡ {G, f} = −{f,G} ,

=⇒ [
LG, LW

]
= +L{G,W} .

(8.7a)

As we can see the definition of L
G

leads to a “more natural” relationship between the commutator
of two of the Lie derivatives and the Poisson bracket of the two functions. In fact, we can see that
when we have a space of functions that are provided with a skew “product” we can always arrange
for that space of functions to actually be a Lie algebra. In this case of course the skew product is
given by the symplectic form; therefore, we may say that the space of functions over a symplectic
manifold is always a Lie algebra. with the product as the Poisson bracket, and the mapping L, which
sends such functions into the tangent bundle is a realization of that algebra in terms of vector fields,
while the mapping L is an anti-realization in terms of vector fields. Since all this is true, and since
we have spent considerable time discussing how to pullback functions, it seems now very useful to
also see how this realization is changed under our mapping φg.

We begin with the situation already described above in Eqs. (8.5b): we have G ∈ Fε and
φg : U0 → Uε, i.e., φg(ξ) = η. This allowed us to consider the pullback φ∗g : Fε → F0. If we now
consider an arbitrary tangent vector field, Ỹ ∈ T0, we may define the (associated) “push-forward” of
it to the tangent vector field, φg∗ : T0 → Tε. We do this by insisting that when the new tangent
vector acts on a function there, evaluated at a point there, it should give the same result as if we
had, instead, pulled back the function to the place where the old tangent vector lives, and evaluated
it there:

for Y ∈ T0 , and f ∈ Fε ,

{(φg∗Ỹ )[f ]}(η) ≡ {Ỹ [φ∗gf ]}(φ−1
g η) = (φ−1

g )∗{Ỹ [φ∗gf ]}(η) ,

or φg∗Ỹ = (φ−1
g )∗Ỹ φ∗g ∈ Tε ,

(8.7b)

where the mappings involved in the expression involving Ỹ , on the right-hand side of the last equation,
all make sense because of the action that tangent vectors are supposed to have, on functions, and
the expression on the left-hand side of the equation is simply the definition involving the (induced)
mapping, φg∗, which maps tangent vector fields as brought along by the initial mapping, φg, of the
manifolds.

A different way to express the same thing, but perhaps more useful in the present circumstances, is
to note that since φg∗Ỹ in the expression above is an element of the tangent space over Uε, we may
think of it as the special case when it is the Hamiltonian vector field for some f ∈ Fε. In that case
we have

choose (φg∗)Ỹ = X̃
f

=⇒ X̃
f

= (φ−1
g )∗X̃

φ∗gf
φ∗g or X̃

φ∗gf
= φ∗gX̃f

(φ−1
g )∗ . (8.7c)
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We may now, for instance, consider the application of this formula to the Hamiltonian vector
field generated by G ∈ Fε, as described in Eqs. (8.5b), using the inverse of our original flow:

φ−1
g : Uε → U0 , Tε 3 X̃

G
= (φ−1

g )∗
∂φ∗g
∂ε

=⇒ (φ−1
g )∗(X̃G) = φ∗g

{
(φ−1

g )∗
∂φ∗g
∂ε

}
(φ−1

g )∗ =
∂φ∗g
∂ε

(φ−1
g )∗ ∈ T0 .

(8.8a)

It is to be noted that this is José’s Eq. (6.125), telling us that his form is not “wrong,” but, rather,
simply written in a different tangent space! We should also simply append here the form for this
version of the Hamiltonian vector field as written using the derivative of the inverse mapping:

φ∗g(φ
−1
g )∗ = identity : F0 → F0 ,

=⇒ T0 3 (φ−1
g )∗(X̃G) =

∂φ∗g
∂ε

(φ−1
g )∗ = −φ∗g

∂(φ−1
g )∗

∂ε
.

(8.8b)

At this point we have established the essential differential geometry, and must now apply it to
some physics. We first note that since the coordinates η = η(ξ, t; ε) are simply functions on the
manifold, where H is the Hamiltonian we may certainly write

d

dt
η = {η,H}+

∂η

∂t
. (8.9a)

Here we want to keep good track of what the partial derivative with respect to t means. We of course
know that η = η(ξ, t; ε). In this equation the Poisson bracket takes care of the dependence of the ξ
on t, were we to be following a particular motion; the ∂/∂t takes care of explicit dependence on t,
still keeping ε fixed. A good way to think about this is to re-write η = φ?

On the other hand, were we to resolve the perturbed dynamical problem, the Hamiltonian would
be H and the η and t would be the independent variables for the problem, so that we could also
write

d

dt
η = {η, H} . (8.9b)

In principle we may then simply subtract the two forms for the derivative of η along the dynamical
motion, i.e., the vector field denoted by d/dt, and resolve it for the partial derivative:

∂η

∂t
= {η, H −H} ≡ {η,R} . (8.10)

However, this is a somewhat illegitimate thing to do since H is defined in the neighborhood Uε, i.e.,
is to be conceived of as depending on those points with coordinates η, while H is defined in the
neighborhood U0, i.e., depends on the coordinates ξ. We know how the ordinary working physicist
would treat this problem. Working with explicit functions of coordinates, she wold simply write,
for instance, H = H(ξ), resolve the defining equations η = η(ξ, t; ε) for ξ and insert them into the
arguments of H, still referring to that H by the same symbol, although it really isn’t the same
function anymore. Since the guiding idea behind our current strategies is to consider things in terms
of functions, rather than values of functions at particular points (or coordinates), then we must be
more careful, or precise. Using the format already presented in the second half of Eqs. (8.3b), the H
that appears in our equation, Eq. (8.6a), must be a function of η = φg(ξ); however, the H that we
would usually begin with would really be a function of ξ, i.e., H ∈ F0. This means that the quantity
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H that should appear in our equation must actually be the induced form of H that depends on the
variables η, i.e., it is really the function (φ−1

g )∗H, which satisfies [(φ−1
g )∗H](η) = H(φ−g 1η) = H(ξ).

This requires that we repeat our last equation, writing it correctly, with all parts defined in the same
neighborhood:

∂η

∂t
= {η, R} = X̃

R
η , R ≡ H − (φ−1

g )∗H . (8.10′)

Our next job is to think of this equation in terms of the mapping φ∗g, which gives us η = φ∗gξ.
The total derivative of η with respect to t, as written above involves both how the ξ change with
time, as given by the Poisson bracket, and, separately, the partial derivative of with respect to t
which is what we have now; therefore, if we insert this form for η into the left-hand side of the
equation, we can ignore any time dependence of the ξ. Secondly, since {η, R} is a function, we may
always write it as φ∗g{ξ, R} = φ∗gX̃R

ξ. Then, since we now have ξ on both sides of the equation,
which is an arbitrary point, we may remove it, obtaining the desired re-write of Eq. (8.10′), i.e., the
functional relationship for the time-dependence of φ∗g:

∂φ∗g
∂t

= φ∗gX̃R
. (8.11)

At this point we know how the desired mapping, φ∗g, varies as we, separately, vary its dependence
on time, via Eq. (8.11), or on the parameter ε, via Eq. (8.5c). We must, however, still insist that the
two distinct variations are consistent. This requirement will provide us with a differential equation
which must be satisfied by R. The solution of that equation will, eventually, provide a relationship
between the desired quantities K and G, which is the beginning of the Deprit approach to this
problem. The consistency equation is simply the equality of mixed partial derivatives:

∂

∂ε

∂φ∗g
∂t

=
∂

∂t

∂φ∗g
∂ε

=⇒ ∂φ∗g
∂ε

X̃
R

+ φ∗gX̃∂R/∂ε
=

∂φ∗g
∂t

X̃
G

+ φ∗gX̃∂G/∂t

=⇒ φ∗g
{

X̃
G
X̃

R
+ X̃

∂R/∂ε
= X̃

R
X̃

G
+ X̃

∂G/∂t

}
,

(8.12a)

where we have re-inserted the original equations for the first derivatives of φ∗g and noted that the
derivative of the Hamiltonian vector field, of some function, just means the Hamiltonian vector field
made from the derivative of that function. At this point we have the commutator of two Hamiltonian
vector fields, which we have already in Eqs. (8.6a). We insert that information, and note that φ∗g
is surely not zero, so that if something it acts on vanishes then that something must itself already
vanish. Therefore, we must have that

X̃
∂G/∂t

− X̃
∂R/∂ε

+ X̃{G,R} = 0 . (8.12b)

Next, we note that Hamiltonian vector fields are additive, relative to their associated functions.
Then lastly we note that if the Hamiltonian vector field with respect to some function vanishes, then
that function must be a constant. Therefore the argument above must be some constant. However,
surely R is not so well defined as we cannot absorb a constant into it without changing its definition.
Therefore we obtain the following differential equation, as promised:

∂G

∂t
=

∂R

∂ε
+ {R,G} . (8.13a)
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Before going on to put this into standard form, let us note that there is in fact a “formal” way to
solve this equation, for R, assuming that we actually know the inhomogeneous part of the equation,
∂G
∂t . Recall Eq. (8.5b), which can be written to define ∂(φ−1

g )∗/∂ε = −X̃
G
(φ−1

g )∗. Then define

S ≡ (φ−1
g )∗

(
φ∗g0

R(ε0) +
∫ ε

ε0

dε′ φ∗g′
∂G(ε′)

∂t

)
≡ (φ−1

g )∗N , (8.13b)

where g′ ≡ G(ε′) and g0 ≡ G(ε0). We now claim that this S is the solution for R. We show this by
inserting it into the equation as follows:

∂S

∂ε
=

∂(φ−1
g )∗

∂ε
N + (φ−1

g )∗φ∗g
∂G

∂t
= −X̃GS +

∂G

∂t
, (8.13c)

which is what is needed in order for this to be the desired solution for R. Agreeing that R(0) = 0,
i.e., that K and (φ−1

g )∗H are the same when evaluated at ε = 0, we may use this to write an explicit
form for the new Hamiltonian, assuming that we already knew G:

K(η, t; ε) = (φ−1
g )∗

{
H(ξ, t; ε) +

∫ ε

0

dε′ φ∗g
∂G

∂t

}
. (8.13d)

We may now continue toward the desired equations that we will use to find, with yet more
efforts concerning average values, to create perturbation series that we can try to resolve. We begin
by inserting the definition of R into our earlier equation:

∂G

∂t
=

∂H

∂ε
− ∂(φ−1

g )∗

∂ε
H − (φ−1

g )∗
∂H

∂ε
+ X̃G(H − (φ−1

g )∗H) . (8.14a)

At this point we use Eq. (8.5b), noting that when operating on functions the Lie derivative in
direction X̃

G
is the same as the action of that vector field itself on the function:

X̃G(φ−1
g )∗H = −∂(φ−1

g )∗

∂ε
φ∗g(φ

−1
g )∗H = −∂(φ−1

g )∗

∂ε
H , (8.14b)

so that this term cancels the second term in Eq. (8.14a), where we re-write the equation again just
because it is indeed our fundamental equation which we will use to determine the desired quantities,
H and G, via series expansions:

∂G

∂t
=

∂H

∂ε
+ X̃

G
H − (φ−1

g )∗
∂H

∂ε
. (8.15)

This is Eq. (2.5.27) of Lichtenberg, but is noticeably different from Eq. (6.128) of José. (It also
agrees with all the other references I can find.)

We know we are going to expand all unknown quantities in infinite series in ε, and compare
quantities term by term, when inserted into this equation. However, as we need the quantities φ∗g
and X̃G in the above equation, and both of them are expressions determined by the generating
function G, we first determine the relationship between their series expansions. Since we do not
know G, we first expand it in an infinite series, where the “name” for the index of the expansion
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coefficients will turn out to be quite useful later on, in that it will cause quite plausible and easily
remembered relationships:

G ≡
∞∑

n=0

εn Gn+1 =⇒ X̃
G

=
∑
n=0

εn X̃
Gn+1

. (8.16a)

At this point I note that at first it bothered me that the coefficient of ε0 was not something simple,
since after all no perturbation has yet occurred. On the other hand, it does now seem clear that
X̃G1

, the coefficient of ε0, is just showing you the direction, in the phasespace, that the problem will
be going when one allows ε to vary away from zero; i.e., it is like d/dε evaluated at ε = 0. I believe
we will also see something relevant in that regard when I compare G to the associated generating
function of type, for this situation, which will happen later.

The next step is to expand the flow mapping as well; the one we need is of course (φ−1
g )∗:

(φ−1
g )∗ ≡

∞∑
n=0

εn Φn , (8.16b)

which is normalized at the ε = 0 level by setting Φ0 = 1, the identity map. As we know that there
is a relationship between the flow and the Hamiltonian vector field for the associated generator, we
now use that relationship to eliminate the need to make a separate expansion for the vector field,
but of course taking account of the fact that linearity arranges for the relationship already noted in
Eq. (8.16a). Inserting those two expansions into the relationship between them given by Eq. (8.5c),
we have the following:

−
∞∑

m=0

εm X̃
Gm+1

∞∑

k=0

εk Φk = −X̃
G

(φ−1
g )∗ =

∂(φ−1
g )∗

∂ε
=

∂

∂ε

∞∑
n=0

εn Φn =
∞∑

n=1

nεn−1 Φn . (8.17)

To resolve the coefficient of every distinct power of ε on both sides of this equation, we first rewrite
the double sum, in terms of n ≡ k + m and k:

∞∑
n=1

nεn−1 Φn =
∞∑

m=0

εm X̃
Gm+1

∞∑

k=0

εk Φk =
∞∑

n=0

εn
n∑

k=0

X̃
Gn+1−k

Φk . (8.18)

We may then compare both sides of this equation and determine a recursion relation for the coeffi-
cients Φn, beginning with the normalization condition already stated:

Φn = − 1
n

n−1∑

k=0

X̃
Gn−k

Φk , n > 0 ;

=⇒





Φ0 = I ,
Φ1 = −X̃G1

,

Φ2 = − 1
2 (X̃

G2
+ X̃

G1
Φ1) = 1

2 (−X̃
G2

+ (X̃
G1

)2) ,

Φ3 = − 1
3 (X̃G3

+ X̃G2
Φ1 + X̃G1

Φ2) = 1
6 [−2X̃G3

+ 2X̃G2
X̃G1

+ X̃G1
X̃G2

− (X̃G1
)3]

Φ4 = 1
24

[
− 6X̃G4

+ 6X̃G3
X̃G1

+ 6X̃G1
X̃G3

+ 3(X̃G2
)2 − 3X̃G2

(X̃G1
)2

−2X̃
G1

X̃
G2

X̃
G1
− (X̃

G1
)2X̃

G2
+ (X̃

G1
)4

]
,

(8.19)
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where it does makes sense to have powers of vector fields, since it simply means the repeated action
on functions.

Now expanding both H and H also in power series,

H =
∞∑

n=0

εn Hn , H =
∞∑

n=0

εn Hn , (8.20)

where we simply go ahead and maintain higher orders in ε in our original Hamiltonian as well, which
doesn’t particularly hurt anything even though we didn’t begin with that form. Then we may insert
it all back into the defining equation, Eq. (8.15), which gives us

∂Gn

∂t
= nHn +

n−1∑
m=0

X̃Gn−m
Hm −

n∑
m=1

mΦn−mHm , n = 1, 2, 3, . . . . (8.21)

Although this form will surely do, one may simplify it just a bit further by first noting that we know
for sure that when ε = 0 we have simply H0 = H0, and writing out explicitly the terms in the
two sums that do not have the same limits of summation. For the first sum, the first term is just
X̃

Gn
H0 = X̃

Gn
H0 = {H0, Gn}, which we will move to the other side of the equation; while the last

term in the second sum is nΦ0Hn = nHn, so that we may put this term together with the first term
on the right-hand side of the equation. This results in the basic generating formulae:

0 = H0 −H0 ,

∂G1

∂t
+ {G1,H0} = H1 −H1 ,

∂Gn

∂t
+ {Gn,H0} = n(Hn −Hn) +

n−1∑
m=1

{
X̃

Gn−m
Hm −mΦn−mHm

}
, n = 2, 3, 4, . . . .

(8.22)

If we now insert the values calculated above, in Eqs. (8.19), for φ`, we may write out higher-order
expressions easily:

∂G2

∂t
+ {G2,H0} = 2(H2 −H2) + X̃

G1
(H1 + H1) ,

∂G3

∂t
+ {G3,H0} = 3(H3 −H3) + X̃

G1
(H2 + 2H1) + X̃

G2
(H1 + 1

2H1)− 1
2 (X̃

G1
)2H1 ,

∂G4

∂t
+ {G4,H0} = 4(H4 −H4) + X̃G1

(H3 + 3H3) + X̃G2
(H2 + H2) + X̃G3

(H1 + 1
3H1)

− (X̃
G1

)2H2 − 1
6 [2X̃

G2
X̃

G1
+ X̃

G1
X̃

G2
− (X̃

G1
)3]H1 ,

∂G5

∂t
+ {G5,H0} = 5(H5 −H5) + X̃

G4
(H1 + 1

4H1) + X̃
G3

(H2 + 2
3H2) + X̃

G2
(H3 + 3

2H3)

+ X̃G1
(H4 + 4H4)− 3

2 (X̃G1
)2H3 − 1

3 [2X̃G2
X̃G1

+ X̃G1
X̃G2

− (X̃G1
)3]H2

− 1
24

[
6X̃

G3
X̃

G1
+ 6X̃

G1
X̃

G3
+ 3(X̃

G2
)2 − 3X̃

G2
(X̃

G1
)2

− 2X̃G1
X̃G2

X̃G1
− (X̃G1

)2X̃G2
+ (X̃G1

)4
]
H1 ,

recall that X̃
Gm

Hn ≡ {Hn, Gm} .
(8.23)
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What I have written above agrees with the expressions in Lichtenberg, Eqs. (2.5.31).

It should be clear that the procedure to write down the equations to whatever order one wants is
very straightforward and clear, even though surely it is true that the equations become longer as one
goes to higher orders. On the other hand, just as in the canonical perturbation theory, when there
are more than one independent variable then there will be problems with vanishing denominators at
certain frequencies. In addition, the series does not usually converge, but, rather, is an asymptotic
series only!

An even more serious difficulty with the equations is of course that we do not know either Gn nor Hn.
This is not a new difficulty, since we had the same problem with canonical perturbation theory and
with Lindstedt’s earlier version of the same generic questions. In all of these the solution basically
amounted to ensuring that there are no secular terms in the results, since we insert, by hand, the
additional requirement that the system is periodic. This was done by using an averaging scheme.
We will do that, again, for the examples below. What is the basic “extra” ingredient for systems
when we do not know that it will be forever periodic, I do not know.

I want now to discuss a little bit more how one might create φg from knowledge of G or, more
precisely, from knowledge of X̃G . It is plausible that these very explicit calculations, borrowed from
Deprit’s original paper, may make some of the discussions above somewhat clearer, as well as show
how they can be done in principle, at the least. In the first instance, as already stated without much
proof, we go through the case when G is independent of ε. We begin by noting “obvious” properties
of the Hamiltonian vector field, here written as L

X̃
G

, for generality. If f and g are two appropriate
functions, and α and β are constants, then the linearity and derivation properties are obvious:

L
X̃

G

(αf + βg) = αL
X̃

G

f + βL
X̃

G

g ,

L
X̃

G

(fg) = fL
X̃

G

g + (L
X̃

G

f)g ,
(8.24)

On the other hand the Jacobi identity of Poisson brackets is needed to show the following two
desirable features, where here both G and F are functions:

L
X̃

G

{f, g} = {f,L
X̃

G

g}+ {L
X̃

G

f, g} ,

[L
X̃

G

,L
X̃

F

] = L
X̃{F,G}

.
(8.25)

Defining the zero-th power of the Lie derivative as the identity, as one would expect, we may consider
the extension of these derivational forms to n-th iterations, using the standard Leibnitz rule for n-th
derivatives of products:

(L
X̃

G

)n(fg) =
n∑

m=0

(
n

m

)
[(L

X̃
G

)mf ] (L
X̃

G

)n−mg ,

(L
X̃

G

)n{f, g} =
n∑

m=0

(
n

m

) {
(L

X̃
G

)mf, (L
X̃

G

)n−mg
}

.

(8.26)

Now, we also assert that it is then straightforward to sum infinitely many of these to show the
following relations, where the infinite sums in question do not act at all like derivations:

e
εL

X̃
G (fg) = [e

εL
X̃

G f ] e
εL

X̃
G g ,

e
εL

X̃
G {f, g} = {e

εL
X̃

G f, e
εL

X̃
G g} .

(8.27)
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We prove this by expanding out the products on the right-hand side, beginning with the first one:

[e
εL

X̃
G f ] e

εL
X̃

G g =
∞∑

k=0

εk

k!
(L

X̃
G

)kf

∞∑
m=0

εm

m!
(L

X̃
G

)mg

=
∞∑

n=0

εn
n∑

m=0

1
m!

1
(n−m)!

(L
X̃

G

)n−mf(L
X̃

G

)mg

=
∞∑

n=0

εn

n!

n∑
m=0

(
n

m

)
(L

X̃
G

)n−mf(L
X̃

G

)mg =
∞∑

n=0

εn

n!
(L

X̃
G

)n(fg) = e
εL

X̃
G (fg) .

(8.27a)

One can see that the algebra is not noticeably different for the second one, so it is not displayed
here. However, the import of that one is the the transformation established by the following, where
G = G(ξ), is canonical:

η(ξ, ε) ≡ e
εL

X̃
G ξ is a canonical transformation.

(This of course because e
εL

X̃
G acting on the constant matrix γαβ just leaves it invariant.) Notice

that with this transformation we may write the following since ξ is independent of ε:

∂η

∂ε
=

∞∑
n=0

n
εn−1

n!
(L

X̃
G

)nξ =
∞∑

m=0

εm

m!
(L

X̃
G

)m+1ξ = L
X̃

G

η ,

=⇒ ∂e
εL

X̃
G

∂ε
ξ = L

X̃
G

e
εL

X̃
G ξ .

(8.28)

We use this insight to consider an arbitrary function f ∈ Fη, that does not depend explicitly on ε,
and a mapping that sends it back to Fξ as usual:

(φ∗gf)(ξ; ε) ≡ f [η(ξ; ε)] ≡ f [φε
g(ξ)] , (8.29)

where the superscript ε is put as an additional argument on the mapping only to remind us specifically
as to where the value of ε comes from; i.e., it is the parameter value along which we have pushed ξ,
which by itself does not depend on ε. We then may show that this mapping of functions is indeed
generated specifically as the exponential we have been considering. First we consider the following,
where we use Eq. (8.28) toward the end of the calculations:

L
X̃

G

φ∗gf = {(φ∗gf)(ξ; ε), G) = γαβ
∂φ∗gf
∂ξα

∂G

∂ξβ
=

∂f

∂ηµ
γαβ ∂ηµ

∂ξα

∂G

∂ξβ
,

=
∂f

∂ηµ
{ηµ, G} =

∂f

∂ηµ
L

X̃
G

ηµ =
∂f

∂ηµ

∂ηµ

∂ε
=

dφ∗gf
dε

.

(8.30)

This is obviously true again when iterated an arbitrary number of times on both sides, so that we
may write the following where we expand out in a Taylor series in ε:

φ∗gf(ξ; ε) =
∞∑

n=0

εn

n!
dn φ∗gf

dεn

∣∣∣
ε=0

=
∞∑

n=0

εn

n!
(L

X̃
G

)n(φ∗gf)(ξ; ε = 0) = e
εL

X̃
G f(ξ) . (8.31)

Comparing this with the definition of the function that has been pulled back, we may conclude that

e
εL

X̃
G f(ξ) = (φ∗gf)(ξ; ε) = f [e

εL
X̃

G ξ] = f [η(ξ; ε)] . (8.32)
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An interesting “sidelight” of this is the following statement that follows because {G,G} = 0:

G[η(ξ; ε)] = (φ∗gG)(ξ) . (8.32a)

We may now generalize this discussion to the case where our function f does depend also on ε,
but presumably in some analytic way so that we may write out a Taylor series for it:

f(η, ε) =
∞∑

n=0

εn

n!
fn(η) , fn(η) ≡

(
∂

∂ε

)n

f(η, ε)
∣∣∣
ε=0

. (8.33a)

We may now treat each of these functions fn(η) in the same way as we just did for functions that
did not depend on ε explicitly:

φ∗gfn[η(ξ; ε)] = e
εL

X̃
G fn(ξ) =

∞∑
m=0

εm

m!
(L

X̃
G

)m fn(ξ) , (8.33b)

which allows us to insert this into the previous equation to obtain a double sum, which can again be
re-written as a sum over powers of ε:

(φ∗gf)(ξ, ε) = f [(φ∗gη)(ξ; ε); ε] =
∞∑

n=0

εn

n!

∞∑
m=0

εm

m!
(L

X̃
G

)m fn(ξ)

=
∞∑

`=0

ε`

`!

∑̀
m=0

(
`

m

)
(L

X̃
G

)m f`−m(ξ) .

(8.33c)

Having now looked at the case where both G and f were independent of ε, and then the (more
complicated) case where f is allowed to depend on ε, Deprit then continues to the completely general
case where both depend explicitly on ε, which is the one that is usually really wanted. In that case,
also, he establishes the results as an infinite series, although in this case it is a doubly-infinite series.
He explains it in some detail; however, it may really be considered as an algorithmic scheme to
accomplish the calculations in question, that we have already described, more simply, as his scheme
of infinitely many equations, in powers of ε. His approach is quite useful if one intends to program a
computer to proceed all by itself in the process of solving the equations to an arbitrary, finite order.

9. Examples

It is probably useful to first consider the incredibly simple example put forward by Cary, to get
perhaps a better feel for some of the abstract geometry. We suppose given in advance the Hamiltonian
and also the generating function, G, in terms of a 1-dimensional problem, in coordinates (q, p) and
desire to go to (Q,P ), functions of (q, p), t, and also ε:

H = p2/2m G = −εtp2 =⇒ X̃G = −2εtp
∂

∂q
, . (9.1)
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This is of course only some illustration of the geometry, rather than a real problem, since any real
problem one would have to find G; nonetheless, let’s go quickly through the motions. We first want
to find the mapping to η = η(ξ, t; ε), which we do by considering

∂η

∂ε
= {η, G} ⇒





∂Q

∂ε
= {−2εtp(∂q/∂q)}|q=Q,p=P

= −2εtP ,

∂P

∂ε
= {−2εtp(∂p/∂q)}|q=Q,p=P

= 0 ,

(9.2a)

where we observe that we calculated the Poisson bracket in the ξ basis, and then substituted.

We first integrate the equation for P and insert it into that one for Q, which gives us

Q = q − ε2tp , P = p . (9.2b)

As well, it is clear that if f ∈ Fε so that f = f(Q,P, t, ε), then

(φ∗gf)(q, p, t, ε) = f [φg(η)] = f [Q(q, p, t, ε), P (q, p, t, ε), , ε] = f [q − ε2tp, p, t, ε] . (9.2c)

On the other hand, we can now write

∂φ∗g
∂ε

= −(φ∗g) 2εtp∂q ⇐⇒ dφ∗g
φ∗g

= −2tp∂qε dε =⇒ φ∗g = e−ε2tp∂q , (9.2d)

so that this is just the (standard Taylor series expression for the) shift operator displayed in Eq. (9.2c),
as expected. Notice, on the other hand, that it is not simply the Lie series for the vector field X̃

G
,

which it should not have been since this G does depend on ε explicitly.

Now let us consider the continuing example of the (1-dimensional) pendulum. Following Licht-
enberg, in §2.5, we rewrite that Hamiltonian, but now writing ε in such a way that it will simply
be replaced by +1 when we want to revert to the original problem. (Recall that earlier in our own
calculation it was last used to symbolize 1/6):

H(φ, J) = H0 + εH1 + ε2 H2 = ω0J − ε
GJ2

6
sin4 φ + ε2

G2J3

90ω0
sin6 φ

= ω0J − ε 1
48G J2[3− 4 cos 2φ + cos 4φ] + ε2 1

2880
G2

ω0
J3[10− 15 cos 2φ + 6 cos 4φ− cos 6φ] .

(9.3)
We next consider the fact that the “3” in the equation for H1 will generate a secular term, or a
non-zero average term, and therefore insist that H1 be found from it, to cancel it out:

H1 = 〈H1〉 = − 1
16GJ

2
, (9.4a)

where we have written J instead of J , since H1 should of course be given as a function of J , and the
two are equal to lowest order in ε. Therefore, as before, we may write the complete new Hamiltonian
to this order, and the associated frequency:

H = ω0J − ε 1
16GJ

2
+ O(ε2) =⇒ ω = ω0 − ε 1

8GJ + O(ε2) . (9.4b)
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Hamilton’s equations, written below to this order. They may then be integrated, to this order, to
determine the time-dependence of the new variables:

d

dt
J = −∂H

∂φ
= 0 ,

d

dt
φ = +

∂H

∂J
= ω0 + ε 3

4J ,

J = J , φ = φ + (ω0 + ε 3
4J)t .

(9.4c)

We then write down the appropriate portion of Eq. (8.19), noting that since H does not depend
on time, there is no reason that G should depend on time either, and also that H0, being exactly
integrable, does not depend on φ. We may then integrate for G1:

∂G1

∂t
+ {G1,H0} = H1 −H1 ,

=⇒ ∂G1

∂φ

∂H0

∂J
+

∂G1

∂J

∂H0

∂φ
= 1

48GJ2[−4 cos 2φ + cos 4φ] ,

=⇒ ω0
∂G1

∂φ
= 1

48GJ2[−4 cos 2φ + cos 4φ] ,

=⇒ G1 =
GJ2

192ω0
[sin 4φ− 8 sin 2φ] = −GJ2

48ω0
cosφ [3 sin φ + 2 sin3 φ] .

(9.5)

With this information we may calculate the inverse transformation to this order. We first recall
exactly how this should work for this situation:

[(φ−1
g )∗j](η, t; ε) = j[ξ(η, t; ε)] ;

choose j as the identity function: ξ = (φ−1
g )∗η .

(9.6a)

We now want to write this out to just the first order that we currently have. We use

φ−1
g ∗ = I + εΦ1 + O(ε2) = I− eX̃G1

. (9.6b)

However, we have G1 in terms of the original variables, ξ, instead of the new variables. There are two
different ways we can look at this problem. The first approach is that the action of X̃G1

is through
a Poisson bracket, and we know that the Poisson bracket is canonical so that we may calculate it
either way. Following this approach we could calculate

εX̃
G1

η = ε{η, G1}η = ε{η, G1}ξ = ε
∂G1

∂J

∂η

∂φ
− ε

∂G1

∂φ

∂η

∂J
, (9.6c)

and then take note of the fact that since all this is multiplied by ε we only need to insert η to one
lower order; however, that order is the original level at which we began, so that we may simply
replace η by ξ, and continue. This would give us

εX̃G1
φ =ε

∂G1

∂J
= ε 1

96

GJ

ω0
(sin 4φ− 8 sin 2φ) ,

εX̃
G1

J =− ε
∂G1

∂φ
= −ε 1

48

GJ2

ω0
(cos 4φ− 4 cos 2φ) .

(9.6d)

However, since we really were supposed to have η’s, we then simply replace the ξ’s we have with η’s,
correct to this order.
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On the other hand, the other approach is to begin by calculating the Poisson bracket in a more
obvious way, in terms of the η variables, so that it is necessary to re-write the currently given form
of G1 = G1(ξ) in the form [(φ−1

g )∗G1][ξ(η, t; ε)]. On the other hand, since, again, we are doing this
to one lower order than the intended result, since this term is multiplied by ε, this simply amounts
to re-writing G1 by replacing the J and φ by J and φ, respectively. It should be clear that these two
methods give exactly the same results, namely

φ = φ− ε 1
96

GJ

ω0
(sin 4φ− 8 sin 2φ) , J = J + ε 1

48

GJ
2

ω0
(cos 4φ− 4 cos 2φ) . (9.7)

By inserting the time-development of the perturbed coordinates, for some arbitrary real motion of
the system, correct to this order, given in Eqs. (9.4c), we then have the explicit time dependence,
over the same motion, correct (only) to this order, for the original coordinates. Do notice that
the time dependence of these original coordinates is now very much more complicated than it would
have been without the perturbing terms, because the Φ’s that appear in the relations above have
now a linear time dependence, appearing inside the trigonometric functions!

One could then insert this back into that equation for G2 to determine that; however, I didn’t
do it. Nonetheless, there are some interesting things that one can do yet: We take the equation for
G2 and average both sides, to determine H2:

H2 = 〈H2〉+ 1
2 〈{G1,H1 − 〈H1〉}〉 =

G2J3

ω0

[
1

288
− 1

2

17
1152

]
= − G2J3

256ω0
= − G2J

3

256ω0
. (9.8)

From this the Hamiltonian and frequency to second order are

H = ω0J − ε 1
16GJ

2 − ε2
G2J

3

256ω0
+ O(ε3) =⇒ ω = ω0 − ε

GJ

8
− ε2

3G2J
2

256ω0
+ O(ε3) . (9.9)

At this point I want this frequency, however, in terms of H, the true, perturbed energy, at least to
this order. Therefore, we must first resolve the equation above for J as a function of H/ω0, and
insert it into the frequency equation. As the appearance of J in the form for ω is always multiplied
by a non-zero power of ε, and as we only have things correct to second order, we need only resolve
this equation correct to first-order in ε, which is

J =
H

ω0
+ ε

G

16ω0

(
H

ω0

)2

+ O2(ε) , (9.10a)

which then gives us

ω = ω0 − ε
G

8
H

ω0
− ε2

5G

256ω0

(
H

ω0

)2

+ O(ε3) . (9.10b)

To compare this with the exact answer, we first re-write it as a fraction, inserting the fact that
ω0 =

√
FG:

ω

ω0
= 1− ε

8
H

F
− 5ε2

256

(
H

F

)2

+ O(ε3) , (9.10c)

a function only of H/F , where we maintain that H is the energy to this order.
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We now retreat to the exact pendulum equation, discussed much earlier, and recall that for
energies less than the “turn-over energy” at the top we need E < F , and

ω

ω0
=

π/2
K(k)

, (9.10d)

where here K(k) is the elliptic integral of the first kind and k, its argument, is determined by
k2 = 1

2 (1 + E/F ). However, we also recall that the argument was put together so that the stable
equilibrium position for the pendulum, i.e., hanging “straight down,” was such that E = −F , so
that k = 0, as expected, so that the elliptic function would just be a trigonometric function, and
ω would just be ω0. Therefore, if we want to compare in some sensible way, we should actually
use 1 + E/F = (E + F )/F ≡ Enormal/F as our variable, since this definition of Enormal is simply
zero when it is hanging straight down, and therefore is a “small” parameter when no longer simply
hanging straight down at rest. Taking this ratio as β ≡ 1 + E/F ≡ Enormal/F , then k2 = β/2 and
we may take the straight-forward Taylor series expansion for the elliptic integral, as a function of k2.
This gives us

ω

ω0
=

π/2
K(k)

= 1− 1
4k2 − 5

64k4 + O(k6) = 1− 1
8β − 5

256β2 + O(β3) ,

β ≡ Enormal/F , Enormal = 0 “when hanging straight down,”
(9.10e)

in perfect agreement with our calculation to second order, as determined above.

As an “amusement,” the paper by Koseloff, mentioned below in the references, gives the per-
turbed Hamiltonian to very high order, the first 11 terms of which I copy here. However, I note that
his is normalized to be as simple as possible, so that he has set G = 1 = F , i.e., m = 1 = g`, which
means that ω0 = 1:

with F = 1 = G = ω0 ,

H = J − ε

24
J

2 − ε2

28
J

3 − 5ε3

213
J

4 − 33ε4

218
J

5 − 63ε5

221
J

6 − 527ε6

226
J

7 − 9387ε7

232
J

8

− 175045ε8

238
J

9 − 422565ε9

241
J

10 − 4194753ε10

246
J

11
+ O(ε11) .

(9.10f)
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