4.

Some Physically-Interesting, Soliton-type pde’s
and characteristics for symmetries for some of them

The KdV equation

for 1-dimensional, unidirectional water waves in a shallow channel,
Ugzer + UUL = Uy

The sine-Gordon equation

for self-induced transparency in nonlinear optical materials,
Upe — Upp = SIDU

The non-linear Schrodinger equation

for plasma interactions, and many sorts of quantum feedback loops

Vo + g| VPV =i 0,

Note: This is a system of 2 equations, since ¥ is complex-valued.

The modified KdV equation
weakly non-linear lattices

2
Ugzre T U Uy = Uy

The Liouville equation

Interesting problems in statistical mechanics, and conformal field theory
Uyy = €

The Tzitzeca-Dodd-Bullough equation

problems varying from fluid flow to quantum field theory

Upy = e v o+ 672u



10.

11.

12.

13.

14.

The classical Heisenberg ferromagnet equation
S =8 x 8,,
An equation from ¢* field theory
Gut = $(1 — |n|*)"/?

The Boussinesq equation

for 2-directional, 1-dimensional water flow in channels
st — Ugz — 3(U7) gz — Unaan
The Kadomtsev-Petviashvilli (KP) equation  [for 2-dimensional water flow]
(ut +uuy + Ugge)s + Uyy =0
A higher-order KdV equation
Uszzas + 15(Ug Upg + Ullgas) + 4507 Uy = uy

(2-dimensional) Toda-lattice equations

for lattice structures, and conformal quantum field theory

i AL L
Uyy = €770 Vi=1,...,n

for certain classes of matrices whose elements are integers
SDiff(2)Toda equation

for general relativity, and Toda field theory
Uyy = 02 "
supersymmetric, infinite-growth, 2-dimensional, conformal Toda field theories:

Ugy = Os €

2



Characteristics for Symmetries for various Non-linear pde’s
Burgers’ Equation: u,, + uu; —u; =0
U0 =z,
Ul =tz +1,
U0 = 240 + 2 22,
Uly = t(2p0 + 2 22) + (225 + z),
U2y = t* (290 + 22) + taz, +tz + 2,
U053 = 2paa + 52 200 + 5(22)° + 2272, ,
Ul = t2pme + (3t2 + ) 200 + Z%tzQ + 22)2y + 3t(2,)% + 227,
U253 = 22400 + 1(3t2 4 20) 240 + 567(2,)° + E%t222 + 2taz + 3%)z, +12° + 22— 2,
W3y = 132,00 + 36%(t2 + 1) 200 + 363(2)7 + (3322 + 3322 + 662 + 3t2?)z,
+ 3422 + taz + 3(2® + 2t)
v, = 2(4) + 222z¢2 + D2z 220 + %Zsz +32(20)% + 2324,
V05 = 2(5) + 222(4) + 2202000 + 5(200)” + 22% 2000 + 2220200
+ B2, + 22820 + L2 (22,)° + 2202,
General Forms for Burgers’ Equation:
Wiy =t 2y + (bt 2+ 9 0) 2001y + L{E(k + 1)t 2, + k(k — 1)t 22
+ k=Dt ez 4+ 5 — VP 222 20 + O(2i—s)
k=012, ... :j=01,...k,
(W), W} = (60 — kj) U™y s,
except that {¥%  ¥H} =0,
Recursion Operator:

Dy 24 L2, (Dy) !



KdV Equation: u,,, +uu, —u; =0
\I!OO = 2z,
Uly=tz, +1,
U0, =
1 = Rzaxx + Z Ry,
Uy = 3t(2p0e + 2 20) + 224 + 22,
\IJOZ - Z(5) + %Z Zyax + %Ozmzmm + %zQZw 5
2

0o _ 7 35 35
v 3 = 2(7) + 3% 2(5) + 7zxzxx:rx + 3 Rrzlra + 187 Rzax

+ 0% 2y 2w + 32 (2,)° + 8232,
General Forms for the KdV Equation:
Uy =t 20041y + 5120+ 1) 2 4+ 507 2+ ()] 220-1) + O (220-2))

62071,2,... ;17:()717
(W7, , WF, ) = L[(2m + D)k — (20 + 1)j] WItE—1

except that {W% Wy} =0.

Recursion Operator:

(D) + 22+ %zm(Dgg)_1

sine-Gordon equation: wu,, —sinu =0

Appropriate coordinates on the jet are {x,y, 2, 2z, 2y, Zaz, Zyy, Zoza, Zyyys - - - -
Yio,1) = 2y
‘I’(1,0) = %z,

\11(1,1) = T2y — Yzy,
\I/(S,O) = Zypzx T (ch)3
W(0,3) = Zyyy + (2)°

\I’(5,O) = Zpzazr T g[(zx)QZx:mc + Zm<zx1‘)2] +

oolw

(Zm)5 )
\11(7,0) = Zyaxzaxzzs T % (zm)2zxxmxx + 14 2020022002 + % Zx (Zm:cx)2 + % (zxx)zzmmw

+ % (22)* Zoww + 35 (22) (222)? + 1% (22)7 .



the non-linear Schrodinger equation: u,,+uuu-+iu; = 0 and complex-conjugate equation

Appropriate coordinates on the jet are {z,t,2,Z, 22, Zz, Zza, Zaz - - - }-

U0 =2, ,

VY% = 2 = (200 + 222),
Ul =2z, —ixz,

Uly = 2it(2pp + Z22) + T2, ,
U053 = 2,00 + 32222,

U0 = Zpvww + 42200 + 3%2(20)% + 22Z0 20 + 22 F00 + %ZBEQ )

the modified KAV (or MKdV) equation: ., + u?u, —u; = 0

Uy =z,

U0y = zppe + 2% 20,

Uy = 3t(2pe + 2%20) + T2, + 2,

vo, = = 2(5) + 22 2nmw + 2 zzm Zpw + % (22) + 2 2z,

W05 = 27 + £ 22205) + 142 2, Zawaw + 21 (22) 2000 + 2 2 2 00 Zuze + 32 2% 2000
+ D 20 (200)? + 132 2%24 200 4+ 32 2%(22)° + 8 2%2,,

Recursion Operator:



