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The connueetivl, buelween ol accelerated charge 2

il o nt vest in o wenks gravitational field

i discussed n aecordaner witl the principle of pyuivalence, Tor that purpose, the ficlds
produced by« freciy folling charge and a supported one (e at rest in & gr:n‘itnriﬂnul field)
are transformed to e yes-fraine of the vherver, who may be similarly supported or freely

falling, A ponvanishiyg vnergy fiux is found ou
soryer supporied, or vice porst. This agrees with

INTRODUCTION

The problem of electromagnetic rudiation from
an accelerated charge has beeu n matter of con-
troversy for a long time. Even in the simple cuse
of a untformly aceeleruted chargr there are con-
flicting statements in the literaiure as to whether
radiation is, or is not, emitted. This is despite the
fact that an exact solution of Munwells equations
for the field produced by such o churge was
obtained by Bor! Jhposh sixty vears ago. On the
busis of this solution Pauli? and vou Laue’ claimed
tlet o uniformly aecelerated  churge does not
radinte, while Qehott,t Milner? syvnge,®and Fulton
and Rehrlich? drew the opposite conclugion, This
econfusion was aggravated by considering the
probiem in conjunction with the prineipie of
equivalence, according to which a uniformly ac-
colerated object behaves exactly like oue at vest
"in a uniform grm‘itnﬁon:d field, If, thercfore, an
accelernted charge does tadinte, then 30 should &
charge at rest in 2 gravitational field. But this
immediately raises 2 further question: Will a
supported observer {i.e., one ut rest i a graviti-

1 3L, Born, Ann, Physik, 30, 1 (1008,

W, Pauli, Theory of Relativity { Pergamon Press, Ing.,
London, 19381,

: M. von Loue, Relativitdts Thearie  Frederick Vieweg
waud Sohn, Braunschwelg, Germauny, 1910y, 3rd ed.,
Vol. 1. :

4 . A. Schott, Blectromagmctic Radiaiion (Cambridge
University Press, London, 1912).

5 &, M. Milner, Phil. Mag. 41, 403 (1921).

¢ J. L. Synge, Relalivity: The Special Theory (North-
_Holland Publ. Co., Amsterdam, 196}, ond ed.

7 T, Fulton and F. Rolrlich. Aun. Phys. @, 199 (1960).
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Iy if the eharge is frecly falling and the vb-
previously established results.

tional field) and a freely falling one both agree on
this 1)henomenon?

The foregoing question has been dealt with by
Rohrlich,? who considered a statie, homogeneous,
gravitational Geld for which the Riemann-—
(hristoffel tensor vanishes everywhere. He has
hown thut it is possible in this case to set up a
metrie involving @ arbitrary  function which
deseribes phenouii from = supported observer’s
poiut of view, and eoncluded that a sreely falling
observer would gee 2 supported ehr.rge radiating,
and that the same is true of n supported observer
and « freely fulling cluree, However, Rolirlich’s
trestment is not very sutisfactory; it iz well known
that when the ’domunn—(‘hristoﬁ'el tensor van-
ishes evervwhere, coordinates can be chosen for
which the metric is \linkowskinn, and thus the
function ntroduced by Rolrlich merely reflects
the arbitrariess of the coordinate system. It is
more natural to regard @ homogeneous aravita-
sionnt fickd ig o limiting ease of w true gravitational
field, the limit being ihat in which the Riemann-
Christoifel fensor vanishes, A simple example,
ae] this 1= the one we chall use, is afforded by the
wenlk Sehwarzehild field; the procedure is, in fact,
the one which 18 used to deduce Newton's law of

attractiou . from Sehwarzehild's solution.® The.
world line of a stationary object (a charge, oF an’

observer) in such a field is ther a natural repre-
sentation of & supported object, and instantaneous
rest-frumes can be erected on it by the use of
—

8 . Rohrlich, Ann. Phys. 22, 169 (1963).

¢ J. L. Synge, Relaiwily: The General Theory (North-
Holland Fubl. Co., Amsterdam, 19603. :
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differential geometry. Although the conclusions we
shall arrive at are identical with Rohrlich’s, we

believe that the method used in this paper con-

forms better with the spirit of general relativity.

1. INSTANTANEOUS REST-FRAMES FOR
A SUPPORTED OBJECT

The world line of a statiouary object in the
central (Schwarzehild) field of o mass m is easity
shown to satisfy the following invariant Frenet—
gerret formulae (Ref. S, pp. 10 and 23+

Shpi/ 85 =bNi), =123, 4).
A/ s =bAat,
S/ 8= Bhe b s =1, ()
with
B (e (1200 e ot
wheve (7 is the gravitational con=rant. A bis the

Ctime-like: vnit tangent o the worlll line, aah
Aty i At oare the fivst seeotd, aned thind
(space-likes - unit normals, arel 8 By denntes
absolute differentiation with pespect to the are
iength. The sealur b is the frst ewrvasure; it is
constant, and for a wenle ficld it reduces to b=
Gm/ 1, which is, of course, the Newtouian accelera-
tion of gravity. This weak field approximasion
effectively simulates 8 homogeneous gravitational
field. Proceeding on this approximation, we can
replace absolute derivatives by ordinary ones and

. integrate the Egs. (1). The result is

R(I){‘: (11 0: O) 0) ’
)\(2)"= (0, 1, 0, 0):
Awi= (0, 0, coshbs, sinhbs},

Awi=1(0,0, sinhbs, coshbs). (2}
‘x“ J - charge
]
[=] . "/
B !f/
(¥
+

Fic. 1. Supporied charge and freely falling observer.
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Since A* i3 the unit tangent dzt/ds, we have
22 ="b"! coshbs, pt=b-1 sinhbs, (3)

which are the equations of a hyperbola in the
(%, %) plane. Examples of such hyperbolae, to-
gether with the orthonormal tetrads Aq®y-* - Ak
are shown in Figs. 1 and 2.

/ <3

O
4

Fr, 20 Supparted charse aml supported vhaerver.
The Mo constitite an instanfanoeils weekiig:

nhy frame of reference which is cartied along by,
the object as it follows the world line, Fov any

Stensor (' one el Jdebiee o set of symbols ('l hy?

C U= Cidar Ay (4)

These symb:is are called the components of €y
along the orehonormal tetrad X' They are
invariants in the tensorial sense, but they depend,
of course, on the parsicular orthonormal tetrad
used. The lubels (a), (b) may he raised and
lowered with the aid of the Vinkowskian metrie.
The procedure of taking the components of a
tensor with respect to the orthonormal tetrad on
the world line of an observer 18 equivalent to
trinsforming the tensot £o the instantaneous rest-
frame of that obzerver.? In what follows, we shall
apply  this  procedure to the  clectromaguetic
tensor I

1. CALCULATION OF THE
ELECTROMAGNETIC FIELD
AND THE POYNTING VECTOR
To ealoutaty the clectromagnetic ficld produced
by n charge we use the well known formula
Foo= g a0y — (06,00, 49

1 The name “ Vierbein pomponents” is also used.
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the four-potential ¢. being given by

_‘JL’,'\Y' ‘11:‘\711
b= e e )

whore e i< the eleetrie charge, o 1s the event af
which ¢. ix ealenluted, o and 7 ane the events
whieh the null cone with vertex at o cuts the
charee's world Tine and 8,707 e the rospective
unit tangents to the world dine at those eventst
The calendation of . accarding to T bis Tend
by weighting the contributions Trom these two
events dretarded and advaneeds with the twe
constants 17, .17 which e aubjeet to the single
conelition

-1

A+ar=1 {

We shall now svstematienlly treat the four eases
arising {rom the combination of the two possi-
bilities——supported and freely futling--for the ob-
server and for the eharge. In cach case we <hall
state the result of ealeulating the feld secording
to the formulae (31~ 177, 1t turmns out that this does
not depend on any purticular ehoice {=ubject to
(737 of 47 and A7 The clectromagnetic tensor
F,. 1= then projected onto the orthonormal tetriud
Y on the observer's world line 1o vield the
ch=orved fiekd £ Vinadly, the £ s are uz=ed to
eonstruet, i the usual manner the Poyvnting
vector, the nenvaishing of which wo take ws the
eriterion for the existenee of rudintion measured
by the ob=erver at any puint on his world fine.

A. Freely Falling Observer and Freely Falling
Charge

In this case the charge produces the famiiar
Coulomb fiekd. The orthonormul tetrad on the
observer's world line is stmply A f= g, i the
Isroneeker svmboli, so that the ficld components
do not change upon projection vito the A, i, Now
the Poyuting vector vanishes for the Coulomb

“field, and eonsequently there s no radiation flux.

B. Freely Falling Observer and Supported Charge

The situation is depicted in Fig. 1. The charge
follows hyperbolic motion with neceleration b

[Eq. (11 ] aud the field is given by

L e =0,

= —H.=eulrt B,

Fr= il =chetet B

I;‘“ = — [ =chatet B

Frim — = elfrt B

Fitm = = cetha 4Ly B (8

where
b= —1b 216+l 0

o= iri— (2"

pr= = (=
her= g t— e

& and y referring to the positions (in space-time)
of observer and eharge, respeetively. Thisis Born's
solution. A< in ease @ we have Aw'= 8.5 80
Fiap. = Fue but now the Poynting veetor S=
(¢ 3 E xH i> given by

Ny=o— et dws D= kratat BR, A=172

Ny= et A bpresrt BS {9}

in agreement with previous resultz” Thus in
genern) the ohserver eneounters radintion. Never-
tholies. § does vani=h for certain special events—
for cxamyides thuse with spatial positions direetly
Above or heiow e eharge, This had led Pauldl to
clain: that there i= no radintion (Refl. 20 p. SR

C. Supported Observer and Freely Falling
Charge

For simplicity, we shall take the churge to be
dtunted ot the origin of space-time, The fcld it
produces is the Coulomb ficld, and this has to be
projected Gito the At of B, 120 The resulting
Poynting veetor 1s

Ny= — tee? da et oS, A=1,2,
[y= (ee?, dm 1 D2810% 15, (10
where

J‘Ex k.l‘-l)?‘!‘ (.1": \2_11_ (ma)z’ p‘Z: ($I)2+ (I’ﬂ) 2‘
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Since S0 in generul, radiation flux is observed
in this case.
D. Supported Observer and Supported Charge
The situation is shown in Fig. 2. The charge
again produces the Born fiekd (51, and when this

is projected according to Iq. (4) onto the tetrad
in Eq. (2), the result is

Fuy= Fog, = Fou= 0,
ie, H=0,
Fun=F=—i¢d Bhidle.

F(g,n: l’i‘gi —eht: B afa,
Fay=E;=—elh el 1}

Sinee H=0 the Povnting veetor vanishes and
there is no radiation Rux.

III. CONCLUSIONS

The results of the previous seetion, which waree
with those of Bohelieh are buliferent withrespeet
to the ebserver il the chiarge, Nooslindion fux
is obtained when both il freely or when both are
supported. The Poyating veetor is different From
zero only when oue of them iz supported and the
other is in free fall.

These statements arve also consistent with the
principle of equivalence, neeording to which they
should continue to hold when the word “sup-
ported” is changed to read “ynecelerated.” Actually,
the principle has aiready entered the arguments of

this paper in the reverse direction when we have
passed, in Sec. I, from a supported object to one
that follows hyperbolic motion.

It may also be interesting to discuss the fore-
going results from a different point of view—that
of the photon pieture: Is it possible that one of
the two observers we have been considering counts
a2 number-of photons, while the other, looking at
the sume charge, does not encounter any of them?
In order to answer this question we take the ease
of the supported charge and the supported ob-
server. Projecting she four-potential of the Born
fieldt onto the orthonormal tetrad carried by the
supported observer, we find that only the fourth
component is different from zero. This means®
that o mdintion deteetor earried by the vbserver
will not record any transitions in which trunsverse
photons are involved, This is the quntum-
cleetrodvnamicad expluation for the absenee ol
radiztion from osupported eharee, Tis not enough
thit photoens are therer to be observalide, they
mnat e of the transverse Kind, and this property

ke the nonvaishing of 1omugnetie field 1= not
Lorvenz hevariant.

ACKNOWLEDGMENT

We wixh ro thank Dr. T, INrefetz for valuable
diseussions.

1 See, for vxample, G. Kallen, “Quantenclecktrody-
namik? in Eweegcopedia of Physies  {Springer-Verlag,
Berlin, 1938), Vol V, part L.




