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The following plot shows how well the first four terms in the series approximate the function. 
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In the case 0

2
ω

β = , and using (6) below we have 
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so finally 
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( ) exp cos 30
2 23

x t t
§ ·§ ·= − +¨© ¹ ©ω ωx t  (4) °¹̧

ii) Critically damped, 0β ω= , using the same parameterization as in i) we have from (2) and 
(3): 

  ( ) ( )0( ) exp expx t A t x t0β ω= − = −  (5) 

and 0 0 0 0 0 0( ) ( ) exp(v t x t x t v xω ω= = − − ⇒ = −′ ω  (6) 

iii) Overdamped, 0β ω= , returning to the original parameterization (1) we have (always 
using relation (6)), 
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Below we show sketches for equations (4), (5), (7) 
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Underdamped

Critically damped

Overdamped  

3-42. 

a)  

  ( )2
0 0 sin 0m x x F tω ω+ −′′ =  (1) 

The most general solution is 

  0 0( ) sin cos sinx t a t b t A tω ω ω= + +  

where the last term is a particular solution. 
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To find A we put this particular solution (the last term) into (1) and find 
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At t = 0, x = 0, so we find b = 0, and then we have 
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b) In the limit 0ω ω→  one can see that 
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The sketch of this function is shown below. 
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3-43. 

a) Potential energy is the elastic energy: 
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where m is moving in a central force field. Then the effective potential is (see for example, 
Chapter 2 and Equation (8.14)): 
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where l m 2vr m rω= =  is the angular momentum of m and is a conserved quantity in this 
problem. The solid line below is U ; at low values of r, the dashed line represents ( )eff r
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k r a= −( )U r , and the solid line is dominated by 
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4.2	(See	section	4.3	in	Marion)	
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b) In equilibrium circular motion of radius , we have 0r
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c) For given (and fixed) angular momentum l, V(r) is minimal at r0, because 
0

( ) 0r r=V r =′ , so 

we make a Taylor expansion of V(r) about ; 0r
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where 2
03K mω= , so the frequency of oscillation is 
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3-44. This oscillation must be underdamped oscillation (otherwise no period is present). 
From Equation (3.40) we have 

  ( ) ( )1( ) exp cosx t A t tβ ω δ= − −  

so the initial amplitude (at t = 0) is A. 

Now at 
1

8
4t T

π
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8
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π
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The amplitude now is 
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β
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·
¸ , so we have 
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3-45. Energy of a simple pendulum is 2

2
mgl

θ  where θ  is the amplitude. 

For a slightly damped oscillation ( ) exp( )t tθ θ β≈ − . 

Initial energy of pendulum is 2

2
mgl

θ . 

Energy of pendulum after one period, 2
l
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π=T , is 
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So energy lost in one period is 
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So energy lost after 7 days is 
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This energy must be compensated by potential energy of the mass M as it falls h meters: 
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Knowing β we can easily find the coefficient Q (see Equation (3.64)) 
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CHAPTER 4
 Nonlinear Oscillations

and Chaos

4-1.  
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The unextended length of each spring is , as shown in (a). In order to attach the mass m, each 
spring must be stretched a distance d, as indicated in (b). When the mass is moved a distance x, 
as in (c), the force acting on the mass (neglecting gravity) is 

0A
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where 
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Expanding the radical in powers of 2 2x A  and retaining only the first two terms, we have 
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The potential is given by 

   (6) ( ) ( )U x F x dx= − ∫
so that 
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4-2. Using the general procedure explained in Section 4.3, the phase diagram is constructed 
as follows: 
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