Train multiplexing
Transmission of a pulse train by an “active” Fabry-Perot

A mode-locked laser emits a frequency comb with exact equal spacing over the whole bandwidth covered
by a single pulse of the train. We will consider here the frequency comb issued directly from a mode-locked
laser with a ring cavity of 10 cm perimeter, which corresponds to a 3 GHz cavity. How could one multiply this
mode spacing by 127

The most obvious method is to use a Fabry-Perot cavity to multiplex the pulse train.

What should be the length of the Fabry-Perot?

If the Fabry-Perot is 12 x shorter, there will be 12 transmitted pulses between 2 incident pulses.

What happens if the Fabry-Perot has a mode spacing of 4 GHz?

The mode spacing will be the common multiple of 3 and 4, i.e. 12 GHz.

The shortcomings of this method are:

1. This being a passive device, the average power is reduced

2. Because of the unavoidable cavity dispersion ! the unequal spacing of the Fabry-Perot modes defeats the
purpose of a comb of absolute accuracy

3. The Carrier to Envelope Offset (CEO) of the driving laser and slave cavity will not match.

Can one use an Active (laser) cavity instead of a passive Fabry-Perot?

There are now two laser, one “master laser” and one “slave laser”.
Here are the design problems to be solved:

1. Use of two lasers of different cavity length and dispersion, with the same carrier to frequency offset
(CEO) (the latter is determined by the difference in phase and group velocity)

2. The two lasers having nearly the same cavity length, one can assume the same dispersion. The “Master”
creates a frequency comb at 3 GHz. The “slave” should operate at 12 GHz, producing the same pulse
duration. However, the average power being the same, the pulse intensity in the slave laser will be 12 X
smaller.

How can the condition for creating a perfect comb be satisfied?

3. An additional Kerr medium in the slaved cavity, with a product of nonlinear index and length 12 times
larger than that of the driving cavity.

One can “idealize” to the extreme the concept of a pulse train, by considering an infinite train of J-functions,
equally spaced by the period of the train 77, as shown in Fig. 1 (a). The Fourier transform of this ideal pulse
train shown in Fig. T (b) is an identical picture in the frequency domain: a comb of infinite extent (because the
pulses were delta-function in time), with §-function teeth (because of the infinite extent of the train). Since the

"Even if the cavity is in vacuum, there will be dispersion due to the mirror coatings.
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Figure 1: Idealized infinite train of §-function pulses (a), and its Fourier transform (b). A drive laser has a pulse period
7rT1. The multiplexed pulse train has the period Tr72 = Try1/5 in this sketch.

comb extends to infinity, there is no particular tooth that can be called an average frequency. Each mode v,
of index m carries the same weight, and corresponds in the time domain to an infinite sine wave, which is a
particular term of a Fourier series representation of -function. The first tooth at frequency 1y = f represents
the carrier to envelope offset.

It is clear from the sketch of Fig. 1 that two parameters have to be matched to generate the multiplexed
pulse train: the pulse trains should have the same CEO frequency fy, and the repetition rates should be in an
integer ratio.

The angular frequency wy, of the m** mode of the comb is given by:
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In the case of a train of pulses of finite duration, the frequency fj is no longer a real tooth of the comb, but the
first mode of an extension of the frequency comb beyond the pulse bandwidth.

In order to multiplex the train, one laser, with the modes fo; + m1 /771 should inject another laser which,
if it were not injected, would create the mode comb fys + ma/Trr2. The conditions to be fulfilled for the two
lasers are

fOl = f02
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Connection between the pulse train and laser parameters

The condition under which a laser emits a stable train of identical ultrashort pulses have been established (file
frequencycombs.pdf). It was shown that the condition that Teads to the circulation of an ultrashort pulse of
stable amplitude in an active laser cavity is the same that leads to a frequency comb of equally spaced teeth.




If a laser is to generate a pulse of well defined duration and shape, there has to be compression and broaden-
ing mechanisms that balance each other, and lead to a stable pulse. The mechanisms that lead to an emergence
of a pulse out of noise in a laser cavity are usually dissipative, i.e. the pulse that emerges dissipates a minimum
amount of energy by nonlinear loss mechanisms, and extracts the maximum amount of gain from the active
laser medium. We need only to consider here non-dissipative interaction, that plays a dominant role for the
stable formation of the shortest pulses.

The physical reason for a non-zero carrier to envelope offset f is the dispersion of the laser cavity in which
a pulse is circulating. The components of the laser cavity impose different group velocities on the pulse. We
can define an average group velocity v, = P/7ry of the pulse envelope, where P represents twice the length of
a linear cavity, or the perimeter of a ring cavity. That group velocity is different from the phase velocity ¢/nq,
(nay being the linear index of refraction averaged over the laser components). The two quantities are related
by:
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Note that these quantities n,, and v, are function of the spectral frequency of the pulse.

A minimum negative cavity dispersion k!, is required for stable mode-locked operation. Such a cavity
dispersion implies that the index of refraction n, is frequency (wavelength) dependent, hence the spacing of
the cavity modes ¢/[n, (2) P] varies across the pulse spectrum.

In the case of small Kerr modulation, a < 1, one gets the approximation:
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This expression leads to the parameters of the driving and slaved laser, such that synchronized operation is
possible.

The laser cascade

A driver laser of perimeter P; injects a slave laser of perimeter P, (Fig. 2). The drive laser has a repetition
rate of (1/7r71) = vg1/P1 Where v is the group velocity in the driver cavity. Let K/7r7 (where K is an
integer) is the desired final mode spacing (repetition rate), then the chosen perimeter of the slave cavity will
be P, = (K + 1)P; /K. For instance, a mode-locked Ti:sapphire laser can be constructed with P; = 10 cm,
corresponding to a repetition rate of 3 GHz. If a 30 GHz mode spacing is desired, the slave cavity will be chosen
with a perimeter of 11 cm, corresponding to a repetition rate (when not injected by the first laser) of 2.727 GHz.
For a 12 GHz mode spacing, the slave cavity should be 7.5 cm. The same negative dispersion mirrors are to
be used in both cavities. Operated independently, the two lasers can be characterized, i.e. their repetition rates
can be accurately measured as well as their CEO, their pulse duration and intensity. Both lasers should have
nearly equal ratio of group to phase round-trip time, hence nearly the same CEO fo; = foo. If not, adjustment
of the pump power can be used to make these two parameters exactly equal.> From the characterization of the
lasers, all parameters of Eq. (4) are known for both lasers operating independently. However, if the slave laser
is injected by the drive laser, it will be operating at K times higher repetition rate, hence the peak power of the
pulses will be reduced by a factor K. In order to have the slaved laser producing a frequency comb, Eq. (4) has
to be satisfied at the higher repetition rate. This is possible if the factor nof k., is increased by the same factor
than the intensity I is decreased. This can be achieved by inserting a crystal of material with a high nonlinear
index at the second focus of the slave cavity. For instance, ZnS has a nonlinear index 50 times larger than that
of Ti:sapphire, and will adequately compensate for the higher repetition rate. In addition, the inclination of the

21t has been established that the group delay can be fine tuned by adjusting the power of the pump laser, with minimal change of
phase delay.
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Figure 2: Sketch of the cascade of Ti:sapphire lasers. The drive laser and the slave laser are nearly identical, using all
negative dispersion mirrors to compensate for the dispersion of the mirrors. The slave cavity is slightly longer (or shorter),
and includes a nonlinear crystal to provide the necessary Kerr effect.

ZnS crystal provides a fine tuning of the group to phase delay in the cavity, hence a fine tuning of the CEO of
this laser.

The slave laser can thus be adjusted to have the proper ratio of dispersion to Kerr effect for creating a
frequency comb at K times the repetition rate of the driving laser. To achieve perfect match between the two
lasers, fine adjustment of the CEO of the driving laser can be achieved with an acousto-optic modulator, which
can shift the frequency comb of the driving laser without affecting its repetition rate.

Numerical estimate

Let us consider a cavity with a perimeter of 20 cm as the master, and a slave with a perimeter of 25 cm. The
repetition rate of the master is thus 1.5 GHz. For an average power of 0.5 W, the energy per pulse is

(0.5 W)/(1.5-10° = 3.33- 10719 J.

The peak power is estimated at

(3.33- 10719 1)(50 - 10715 5) = 6.67 kW.

For a Gaussian beam of waist wy, the intensity is:
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I = 0.471GW /cm®

From Eq. (4), wecan calculate the dispersion of the master cavity:
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Let us neglect the difference in perimeter between the two cavities. Assuming the master and slave cavity have
the same length, the dispersion is the same.

When operating in cascade, the slave cavity has to handle a repetition rate 20 times larger than that of the
master cavity. For the same pump power, this means that the intracavity power is 20 times less. All other things



being equal (pulse duration, beam waist), the intensity at the Ti:sapphire crystal is 20 x smaller. It should be
possible to satisfy Eq. (4) for the slaved laser, by creating another 30 pm beam waist, inserting a ZnS crystal
that has a 50 x larger ny. The required length of the ZnS crystal should be simply given by:
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implying a thickness of the ZnS crystal of 2 mm.



