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Traveling waves are analyzed in a model of the hantavirus infection in deer mice.
The existence of two kinds of wave phenomena is predicted. An environmental
parameter governs a transition between two regimes of propagation. In one of
them the front of infection lags behind at a constant rate. In the other, fronts of
susceptible and infected mice travel at the same speed, separated by a constant
delay. The dependence of the delay on system parameters is analyzed numerically
and through a piecewise linearization.
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1. INTRODUCTION

Human disease caused by members of the genus Hantavirus is a persistent prob-
lem in many regions of the worldJills et al., 1999. Each species of Hantavirus
is almost exclusively associated with a single rodent reservoir, and human disease
caused by these pathogens can range from mild to very severe, with a mortality rate
in some cases approaching 50%. Such is the case with hantavirus pulmonary syn-
drome (HPS) produced by Sin Nombre virus associated with the deer nfeaise (
omyscus maniculatus). A serious outbreak of this disease in the North American
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Southwest in 1993 led to the identification of the virdéighol et al., 1993 and

its association with the deer mousghfldset al., 1994 Parmentegt al., 1993.

Since then, enormous effort and resources have been devoted to understanding the
ecology and epidemiology of the virus—mouse association, with the ultimate goal
being prediction of human rislP@rmentegt al., 1998; Millset al., 19993.

Yateset al. (2002) showed that the outbreaks of HPS in the Southwest in 1993
and again in 1998-2000 were associated with the HloMiGuthern oscillation
(ENSO) phenomenon. The warm-phase of the ENSO (termed an i’ )Ni™
produced increased amounts of fall-spring precipitation in the arid and semi-arid
regions of New Mexico and Arizona, which in turn initiated greater production of
rodent food resources (plants, seeds, berries, nuts and insects). These abundant
food resources allowed greater reproduction in rodents (the ‘trophic cascade
hypothesis’), and within a year, large increases in rodent densities were observed.
At these high densities, rodents then began dispersing across the landscape, and
came into contact with humans in homes and businesses. Within a year of
the peak rodent densities, increases in density of SNV-infected rodents were
observed, suggesting that a ‘wave’ of virus infection was following the ‘wave’
of rodent dispersal. The origins of both of these waves were hypothesized to be
in the ‘optimal habitats’ or refugia located in natural canyon terrain covered by
woodlands and forests.

The complete disappearance of the disease from local populations during times
of adverse environmental conditions, and its eventual reappearance when condi-
tions changeNlills et al., 1999a; Parmentett al., 1999; Yatest al., 2002, have
been recently shown b&bramson and Kenkre (2008) arise as a bifurcation phe-
nomenon in a simple epidemic model. The purpose of the present paper is to ana-
lyze, in the framework of that model, the dynamics of simple traveling waves, as
a mechanism by which an epidemic wave of hantavirus might propagate into a
previously uninfected region.

2. SPATIALLY EXTENDED M ODEL

The model ofAbramson and Kenkre (20023 a mean-field continuous model
which has been intentionally kept simple enough to facilitate the comprehension
of the basic mechanisms, and at the same time to incorporate as many facts about
the ecology and epidemiology of the biological system as possible. The reader
is referred toAbramson and Kenkre (2002pr a detailed discussion, which we
summarize here. It is known that the virus does not affect properties such as
the mortality of the mice, so that no appreciable difference in death rate, for
example, is to be expected between susceptible and infected mice. It is also not
transmitted to newborns, so that no mice are born in the infected state. The
infection is transmitted from mouse to mouse through individual contacts, such
as fights. More general facts of the ecologyRefomyscus indicate that adults
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occasionally shift their home range to nearby locations, in particular if these
are vacant $tickel, 1968; Vessey, 1987 This enables us to model the transport

of mice as a diffusion process. Finally, intra-species competition for resources
indicate a saturated population growth, which has been observed to be of a logistic
form in the laboratory Terman, 1968 Logistic growth is also a well-established
metaphor of the dynamics of a self-limiting populatidiufray, 1993. For the

sake of simplicity, assume further that the only population structure is the division
of the whole population into susceptible and infected mice, denoteilwnd

M, respectively, and witiMs + M, = M the total mice population. With these
ingredients, the model is described by the following equations:

dMs MsM

—— _bM —cMg — —aMsM, + DV?Ms, 1
P s Kx.0) sMy + S (1)
aM, M, M 5

——=_cM, — aMsM DV-“Ms. 2
” [ K(X,'[)+ siVl| + S (2)

Observe that the carrying capaci§(x, t), containing the most direct effect of
the environment on the mouse population, is allowed, in our model, a spatial
and a temporal variation, to accommodate for diversity of habitats and temporal
phenomena. The latter comprise the yearly variation due to seasonality, but also
sporadic fluctuations such as droughts and Eld\&ffects. The other parameters,
characterizing the different processes affecting the mice, are supposed constant.
The birth rateb characterizes a source of susceptible mice only. The death rate,
common to both subpopulations, ¢ The contagion rate is the parameter
Finally, a diffusion coefficientD characterizes a diffusive transport mechanism
of the mice. The rationale behind each ternequations (1and(2) is simple, and
the reader is referred thbramson and Kenkre (200®)r a detailed discussion.

The sum of the twaequations (1)and (2) reduces to a single equation for the
whole population

oM M )

ot
This is Fisher’s equation, originally proposed as a deterministic model of the spread
of a favored gene in a populatiofigher, 193Y, and which eventually became a
standard model for a self-regulated field in a diversity of situatitdmsrfay, 1993;
Abramsonet al., 2001).

In Abramson and Kenkre (2004t was shown that, as a function &, the
system undergoes a bifurcation between a stable state with only susceptible mice
(and M, = 0) to a stable state with both positive populations. The value of the
critical carrying capacity is a function of the parameters in the following way:

B b
ab-o

(4)

c
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Figure 1. Density plots showing the characteristic distribution of susceptible and infected
mice in an heterogeneous landscape. The carrying capacity has been modeled according
to the vegetation, derived from satellite imagery. It is a realistic simulation of the kind of
patterns expected in the mice distribution.

This critical value does not depend &, and the same bifurcation is observed
either in a space-independent systelh £ 0) or in a homogeneous extended
one in the presence of diffusion. In a non-homogeneous situation, for moderate
values of the diffusion coefficient, the infected subpopulation remains restricted
to those places wher > K¢, becoming extinct in the rest. During times of
adverse environmental conditions, these regions become isolated and constitute
the observed refugia.Figure 1 shows a typical situation of this phenomenon.

A simulated, albeit realistic, landscape Kf(x) has been derived from satellite
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images of a 10 knx 10 km arid landscape in Northern Patagonia. The carrying
capacity is supposed proportional to the vegetation cover, and, as may be clearly
inferred from the density plots, turns out to be highest along a river. The density
plots show the distribution of the populations of susceptible and infected mice.
It can be seen that susceptible mice cover most of the range. Meanwhile, the
infected population has become extinct in most of it, and persists only in some
of the places of highedk. The distributions shown ifrig. 1 constitute a stable
equilibrium of the system, found by numerical resolutioregtiations (1and(2)

from an arbitrary initial condition, and with zero-current boundary conditions. This
stationary situation is a realistic representation of the kind of mice distribution to
be expected in the wild.

3. TRAVELING WAVES

When conditions in the landscape change, how do the infected phase evolve from
the refugia, retracting from or, more importantly, invading previously uninfected
regions? This is the primary question we address in the present paper. Fisher’s
equation (3)has found wide applicability for the description of the formation and
propagation of spatio-temporal patterns. Traveling wave solutions of Fisher’'s
eqguation paradigmatically show how a stable phase ‘invades’ an unstable one
in the form of a front, propagating at a certain speed. Needless to say, the
speed of this propagating front is not the speed of the individual mice: the mice
move diffusively. The diffusion just provides a local coupling mechanism for the
populations between adjacent regions. Itis the (nonlinear) growth of the population
which is responsible for developing and sustaining the shape of the front, and
propagating the more stable equilibrium at the expense of the less stable one. We
will show, in the following, that a ‘wave of infection’ arises in a similar way in
our model. It is worthwhile to note that this wave of infection is not a moving
population of infected mice, but actually a spatial pattern of the distribution of the
infection in the mouse population, propagating as a wave through the conversion
of part of the susceptible mice into infected ones, as they come into contact with
other infected rodents.

There is no reason to supposepriori that the two waves, susceptible and
infective, will travel at the same speed. Accordingly, we use an ansatz which
incorporates two independent traveling waves. In one dimengios X — vst
in equation (1)andz, = x — vt in equation (2) This gives the following second-
order system of ordinary differential equations:

d’*Mg(z dMs(z
d:z( v +vs s(z1) + f(Ms, My) =0, (5)
1

le
d?M (z2) dM (z»)
D'\ 2 s
dz +u dz,

D

+9(Ms, M) =0, (6)
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wherevs andv, are the speeds of the susceptible and infected waves respectively,
and f andg are the non-diffusive terms if1)—(2).

There are two interesting scenarios for these waves. In the first one, a large
part of the system is initially at a state of low carrying capacity, beldw
and consequently the population consists of uninfected mice only, at the stable
equilibrium. Let us suppose that this region is in contact with a refugium. If
environmental changes occur, and the whole region finds itself at a value of the
carrying capacityK > K, the population will be out of equilibrium. Two
processes will occur simultaneously: the population of susceptible mice will evolve
towards a new equilibrium, and a wave of infected mice will advance from the
refugium, invading the susceptible population. The speed of this wave can be
calculated from the stability analysis of the equilibrium states, requiring that the
unstable infected rodent density does not oscillate below zero. This unstable
equilibrium isMg = K(b — ¢), M{" = 0, and a linear stability analysis of the
system(5)—(6) provides the following four eigenvalues:

—v+/v2+4D(b-0)
Ao = 7
12 x , ©

—v £ /v2+4D[b—aK (b —0)]
2D

A3 a= : (8)
The requirement thatl, (z) does not oscillate below 0 imposes a restriction to the
radical inequation (8) from which we find the following expression for the speed
of the traveling wave:

v > 2,/D[-b+aK (b —c)]. (9)

An example of such a wave is shownhig. 2(a), found by a numerical integration
of equations (1and(2) in one dimension.

The second interesting scenario corresponds to a system which is initially empty
of mice. This situation is always unstable within the validity of our simple model,
but it is certainly a biological possibility. Consider a system vwith> K, and
with Ms = M, = 0 in almost all of its range, but in contact with a refugium in
equilibrium, that is, a small region wheMs = Mg > 0 andM;, = M > O.

A wave of both mice populations will develop and invade the empty region.
In fact, the total population will display the behavior of a traveling wave of
Fisher's equation. The propagating front will consist only of susceptible mice at
the leading edge, because the population is expanding into a region free of rodents.
The population of infected mice needs a substrate of susceptible mice to grow and,
in consequence, a front of infected population will travel ‘within’ the susceptible
front, where a population of susceptible is already established. A certain delay or
lag exists between the leading edges of the two fronts. The magnitude of this delay
depends on the parameters of the system. A typical situation is shdwig. i&b),
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Figure 2. Traveling waves in the one-dimensional model. (a) Infection wave invading a
noninfected population; (b) noninfected mice invading an empty region, followed by an
infection wave. Model parametera:= 0.1,b = 1,¢ = 0.5, D = 1, K = 30. Both waves
move at the same speed= +/2 for this choice of parameters.

where the susceptible population is shown as a continuous line and the infected as
a dashed one. Both fronts move to the right, the infected one lagging behind the
susceptible. Once the front has passed, both populations stabilize at the equilibrium
valuesMg andM;". In other words, observing a fixed point in space one would see,
as the front passes by, the population growing from its unstable zero state to the
stable one. As before, we can find the speeds of these two waves from a stability
analysis around the corresponding equilibria. The leading wave propagates into the
null equilibrium, Mg = M;* = 0, to which the following eigenvalues correspond:

—v +./v2+4Dc
' (10)

M12 = 2D s
—vs % /vi—4D(b -0
= . 11
3.4 2D (11)

In this situations, we require thaWs(z) does not oscillate below 0, and
equation (11provides the restriction on the speed of the susceptible front:

vs>2/D(b—0), (12)

which is, naturally, the same result as for Fisher's equation. The second front,
developed when part of the quasi-stable population of susceptible mice is converted
into infected, evolves from the equilibriuti = K(b — c¢), M = 0, as in the

previous scenario. Consequently, the same linear stability analysis applies, and
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from equation (8)we find a speed analogouséquation (9) The front of infected
mice moves behind the susceptible one at a speed

v > 2/D[-b+aK(b—-0)], (13)

which, unlikevs, does depend on the contagion raend the carrying capacity .

Figure Zb) shows such a situation. The density of susceptible mice rises from
zero and lingers near the positive unstable equilibrium before tending to the stable
one. It is remarkable that a delay exists between the two fronts, even when no
such effect was explicitly considered in the dynamics (such as incubation time,
or age dependence). Such delays have been observed in some populations and
rationalized in different ways [sdernestet al. (2000)or Mills et al. (1999a)for a
synthesis].

Even thoughequations (9)(12) and (13) give only a lower bound to the speed
of propagation of the fronts, and allow a continuum of speeds above this, in real
situations only the lower bound is expected to be observed as a stationary solution.
Higher speeds may, however, play a role in transient situations: their relevance
cannot be underestimated in far-from-equilibrium systems such as real mice in the
wild, subject to a fluctuating environment.

The different functional dependencewfandv, on the parameters of the system
[equations (12and (13)] indicates that two regimes are possible. Indeed, when
vy < wvs the front of infection lags behind the front of susceptible at a delay
A that increases linearly in timeA(t) = (vs — v;)t. Elementary manipulation
of equations (12and (13) shows that this occurs whenever the carrying capacity
satisfies

2b—c
a(b—o)
where Kq is a new critical carrying capacity. AK = Ky the delay becomes
effectively constant. For values & greater tharKg, the velocitiesv, andvs,
calculated from linear considerations around the equilibria, satisty vs. This
regime is clearly unphysical in a stationary situation, since the front of susceptible
mice necessarily precedes the infected one. It could be realizable and relevant in
transient situations, that will be analyzed elsewhere. From numerical resolution of
the system, we can observe that— vs and the delay tends to a constant value,
wheneverK > Kg. Figure 3shows the temporal evolution of the delay in the two
regimesK < KgandK > Ky, as well as in the critical cag¢ = Kg, where itis
seen to increase as ~ tY/4. It can be seen that there is a transient time in both
regimes, that gets progressively longerkagpproache¥ either from above or
from below.

This critical slowing down, characteristic of many dynamical processes near the
critical point, forces to use care in the numerical solution of the system. The results
shown inFigs 3and 4 were obtained in the following way. The space variable
of equations (1and(2) is discretized and the system reduces to a gri oiodes.

Ke < K <Ko= (14)
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Figure 3. Delay of the infected front, as a function of time, following an initial condition

as described in the text. Two regimes are shop:< K < Kg andKg < K, separated

by the critical caseK = Kp, that behaves asymptotically &854. The system used for

the numerical integration is based on a grid with 2000 nodes. Other system parameters are
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Figure 4. Delay of the infected front, as a functionkof Three infection rates are shown,
as indicated in the legend. The other system parametetsaré,c = 0.5, D = 1. The
system size i\ = 2000 for most of the calculations, amdl = 20 000 for the leftmost
three. The resulting averaged exponentsease 0.388+ 0.005 and8 = 0.16+ 0.02.
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For the analysis of the scenarios of wave propagation mentioned above, border
conditions are taken fixed at the values of the equilibrium states of interest:
positive infected at the left border, zero infected at the right border. A simple
discretization of the second derivative provides the diffusive transport through
near-neighbors coupling. A fourth-order Runge—Kutta is then implemented on
each node of the grid, providing the numerical integration in time. Time steps
ranging from 0.5 to 0.001 were tried, without observing any noticeable difference
in the solutions. Most of the results we show were obtained with systems of size
N = 2000. We have checked the consistency of these results with systems of up to
N = 20000, which enables longer integration times before the infection reaches
the right border. Results very near the critical point were obtained with these larger
systems, checking for the stabilization of a stationary regime. The debmtween

the two fronts is found, within this procedure, using the same definition as the
one used in the Appendix: |81 and M;* be the nontrivial (positive) equilibria,
found on the left-hand side of the system; theyit) andx, (t) are defined as the
instantaneous positions of the fronts, such tHaixs) = M/2 andM, (x;) =

M /2, respectively. The delay is then calculatedd$) = xs(t) — X, (t), and its
asymptotic valueA is found through the fitting of an appropriate function to it.

With the assumption thais = v, = v, it is possible to perform a piecewise
linearization ofequations (5and(6) and find an approximate analytical expression
for the front shapes shown Irig. 2(b) and, consequently, for the delayin the
stationary state. The details of the calculation can be found in the Appendix. The
main result is the following expression for the delay, for the case of equal speeds
of the two classes of mice:

A= /D
i/ —o)aK —Ko)
wherew,; andw, are complex numbers of unit modulus that depend,dnandc,
so that the logarithm is effectively twice the phase difference between them. When

K — K{{, the arguments ofv; andw, tend tor and O respectively, so that the
following critical behavior is predicted by the linear approximation

log(wywy), (15)

A ~ V/D[(b—c)aK — Ko Y2, whenK — K. (16)

We have analyzed the dependenceAadn K by means of numerical resolution
of the full system. InFig. 4 we plot the asymptotic value ok as a function of
K — Ko for a variety of system parameters. The behavior is found to be

A ~~/D[(b - c)a(K — Kg)]™@ (17)

for a range of values oK immediately aboveK,. The exponent: is parameter
independent. From the power-law regime Kif. 4, and averaging for several
values ofa in the range 0.05-0.5, we hawe = 0.388 + 0.005. This value
corresponds t& — Kq covering more than an order of magnitude. The slowing
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down of the dynamics near the critical point, unfortunately, makes the analysis of
situations with values oK — Ky smaller than those shown Kig. 4 increasingly
difficult, since a stationary state could not be achieved. There is a discrepancy in
the exponent found numerically in the fully nonlinear system and the one found in
the linearized approximation, which shows the limitation of the linearized solution.
This critical behavior of the delay persists while the wavefronts are of the kind
shown inFig. 2b). However, ifK continues to grow the equilibrium value of
the infected population turns greater than the equilibrium value of the susceptible.
There is a gradual crossover to a situation where most of the population becomes
infected. The value of the carrying capacity at which this happens can be estimated
from the known equilibriaMg = M, giving

2b

“ab-o (18)

K1
Indeed, the numerical results show that the power law decay of the delay as a
function of K starts to flatten for values df > K; and reaches a minimum
which shows the sama! dependence thdf; does. One might conjecture that
greater values oK are probably unrealistic in the southwest, where the sporadic
disappearance of the infected population is an indication that the carrying capacity
lies near the critical oneK.. It is nevertheless interesting to point out that the
interaction of the two fronts in this regime results iniaorease of the delay as a
function of K. This increase is also algebraic:

A~ (K = Kp)?, (19)

with 8 ~ 0.16 £ 0.02, as found in the numerical calculations.

4, CONCLUSION

We have analyzed the propagation of traveling fronts in a simple one-dimensional
model of the ecology and epidemiology of the hantavirus in deer mouse. In our
model, the populations of susceptible and infected mice are dynamically governed
by processes that simply, yet realistically, describe known facts of the rodent
population. These processes are described by nonlinear terms in the evolution
eqguations. The movement of the mice is modeled by a diffusive term, that provides
for coupling of the populations in neighboring regions of space. The interaction of
the nonlinear growth with the diffusion provides a mechanism for the formation
of stable traveling waves in the form of fronts. We have found that, when a
mouse-free region is in contact with an infected region in equilibrium, two front
waves propagate into the empty region. The first one is a wave of susceptible
mice. At the leading edge of this wave, the population is composed of susceptible
mice only. Since the infected population can only develop and persist within
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a susceptible one, the wave of infected mice propagates within the wave of the
susceptible population. The leading edge of the infection wave, developing from
the susceptible population, follows the leading edge of the susceptible wave with
a certain delay, as exemplified ffig. 2b). Both waves move deterministically at

a speed dictated by the parameters of the system. While this speed depends on
the diffusion coefficient, it is not the speed of individual mice. Two regimes of
propagation exist, controlled by the environmental paramétdf K. < K < Kp,

the lag between the two fronts increases linearly in time. Conversdiy,sf Ko,

the two fronts propagate at the same speed and the delay depends critically on the
differenceK — K.

The occurrence of this double regime may be of relevance for the control of the
propagation of an epidemic wave. Indeed, the controlled reductidh ahead
of a propagating wave seems the most effective mean of stopping or reducing its
advance. ldeally, the carrying capacity should be reduced bilgwo ensure the
complete extinction of the infection. However, if such a reduction is not feasible,
the fact thatkg > K. provides an alternative: a reduction of the carrying capacity
below Ky would make the wave of infection start to lag more and more behind
the wave of healthy mice. Possible implementations of these strategies, based on
the propagation of waves in the presence of ‘barriers’, will be analyzed in detail
elsewhere.

The existence of dynamical phenomena such as these traveling fronts also opens
the interesting possibility of subjecting our predictions to experimental verification.
Controlled experiments of front propagation could be possible in the Sevilleta
LTER facility, that the University of New Mexico operates near Socorro, NM (Sevi-
lleta Long-Term Ecological Research Programtp://sevilleta.unm.edu),
especially in the 16-hectare rodent enclosure there. Measurements of uncontrolled
mice populations along lines radiating from the refugia of infection will also
provide evidence of the propagation mechanisms where long-term measurements
can be taken in light of climate and rodent population density fluctuations. The
observation of these in real mice populations will provide a valuable source of data
to assign realistic values to the parameters of the mathematical model.
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APPENDIX: LINEARIZED SOLUTIONS

For the purpose of finding approximate solutions of the waves profiles, it is better
to replace the systef{®)—(6)with one involvingM andM, instead:

MZ
DM”—i—vM/—i—(b—C)M—?:O, (A1)
DM/ + vM| +q(M)M; —aM? =0, (A.2)

whereq(M(z)) = —c + aM(z2) — M(2)/K and both speeds are assumed equal,
as observed in numerical resolutions for the regikhe> Kg. Primes denote
differentiation with respect t@. The reason for using this system is that the
equation forM(z), equation (A.1) being closed, can be solved independently of
M, . Its solution can be used then irtquation (A.2)as az-dependent parameter
and solve foM, (2).

Linearized solutions for the traveling waves of Fishexgiation (A.1)are well
known, and essentially consist of two exponentials, matched smoothly=a0,
representing a front that travels to the right at a speed 2./D(b —c¢). Such
a function needs a further simplification in order to sokguation (A.2) We
approximateM (z) with a step function discontinuous at= 0: M(z2) = M* =
Kb—-cif z < 0andM(2 = 0if z > 0. Consequently, we have that
g(2) = aMj = —b+aK((b —-o0)if z < 0andq(z) = —cif z > 0. We also
linearize on both sides of the center vaMe(—A) = M;/2, which definesA as
the delay between the two wavdsigure 5shows the geometry of the procedure.
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The linearized equation fdvl, breaks into three regimes:

DM/ +vM[ —a(M; — M) =0  ifz<-A, (A-3)
DM/ +vM| +aMM,; =0 if ze [-A, 0], (A.4)
DM/ +vM| —CM, =0 if0<z (A.5)

The solutions of these are respectively

|\/|1(z)=—24r K(b—c)+ae? ifz<—A, (A.6)
My (2) = bye+? + byet-2 if ze [—A, 0], (A7)
Ms(2) = c1e”° if0 < z, (A.8)
where
A:«/b—c+a—«/b—c, (A.9)
D)
b-c . /b-c
Mi:-,/Tiu\/Ta(K — Ko), (A.10)
_ _—M’ (A.11)
NG

and the terms that diverge in infinity have already been cancelled. It is clear that
A > 0andv < 0, as required for the solution not to divergegimo. The real part
of w4 is always positive, and there is an imaginary part wKes K.
The solutiondVl;, M, and M3 need to be matched smoothlyzat —A and 0, in
the following way ¢ = b — ¢ from now on):

b k
Mi(=A) = o5 T ?r (A.12)
b Kk
Ma(—=A) = 5t % (A.13)
Mj(—A) = My(—A), (A.14)
M2(0) = M3(0), (A.15)
M5(0) = M5(0). (A.16)

These are five equations with five unknowns that can be solved without difficulty:

B —b/a+ kr

5 e, (A.17)

a; =
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by = — ) _brayerd, (A.18)
2(put — p-)
by = — TR prayerd, (A.19)
2(ut — p-)
€1 = b + by, (A.20)
and
Am—L o [(k i) - ”)} . (A.21)
My — - A+ pn)(pug —v)

ExpressiongA.6)—(A.11) and (A.17)—(A.21) define the linearized solution for
M, . An example of such a front wave is shownFig. 5.
Using expressionfA.9)—(A.11)in (A.21), it is easy to find

VD

A= lo , A.22
i /b= 0alk — Ko g(wiwy) ( )
where
2 .

wy = =T _ o (A.23)

A+
wy=H="V _ oite, (A.24)

Hy —V

where¢; and¢, are respectively the arguments of the complex numbersu
andu, — v. Itis easy to see thap; and ¢, do not depend oD, so that the
logarithm only corrects the dependencerobn (b — c)a(K — Kp). It can be also
easily observed that, lies in the second quadrant, and in the fourth, and that
Jw; = —Jwp. WhenK — K, the imaginary parts tend to zero and the phase
difference between both tend4o Consequently the leading behavior®fesults:

A ~ +/Dl(b - c)a(K — Ko)] V2. (A.25)

The functional dependence afthus found from the piecewise linearization agrees
with that found numerically in the nonlinear system. The exporéh888 of the
numerical results, however, is not correctly predicted by this linearization.
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