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The relaxation time approximation (RTA) is commonly employ ed in non-equilibrium statistical
mechanics to approximate solutions to the Boltzmann equati on in terms of an exponential relaxation
to equilibrium. Despite its common use, the RTA su�ers from t he drawback that relaxation times
commonly employed are independent of initial conditions. W e derive a variational principle for
solutions to the Boltzmann equation, which allows us to exte nd the standard RTA using relaxation
times that depend on the initial distribution. Tests of the a pproach on a calculation of the mobility
for a 1D tight binding band indicate that our analysis typica lly provides a better approximation
than the standard RTA.

I. INTRODUCTION

The Boltzmann equation [1], the work-horse of transport calculations [2] in gas dynamics, solid state physics,
and related branches of investigation, is essential to the analysis of transport coe�cients such as viscosity, electrical
mobility, thermal conductivity, Peltier coe�cients and Lo renz numbers. The equation comes in two forms, one linear
in the probability distribution (or density) f k (t), the other bilinear. The latter, the original form introdu ced by
Boltzmann [1], is important in gas dynamics where the elemental events involve particle-particle collisions. The
former, important in solid state physics, focuses on interaction of the particles with scattering centers or vibrations
and will be the target of our study here:

df k (t)
dt

=
X

k 0

[Qkk 0f k 0 (t) � Qk 0k f k (t)] : (1)

Here k represents generally a quantum mechanical state andQk 0k , the transition rate from state k to state k0, is
independent of the f 's.

Although linear, Eq. (1) is an integro-di�erential equatio n and, in most cases, its exact solution is not known.
There is, however, an approximation, traditionally used in many, if not all, practical applications, that allows one to
avoid solving Eq. (1) numerically: the so-called relaxation time approximation (RTA). The RTA has served as a tool
throughout the last many decades to such an extent that it is often thought to be self-evident or even exact in certain
non-trivial cases of carrier transport (see, e.g., Refs. 4{6).

Despite its widespread applications, inadequacies of the relaxation time assumption have been recognized in the
past [2, 8]. One of its main drawbacks is the absence of any dependence on the initial conditions of the probability
distributions, and is the principal issue discussed in thispaper. In our attempt to remove that drawback, we derive a
variational principle governing solutions to the Boltzmann equation that allows us to determine relaxation times that
depend on the initial state of the system.

The rest of the paper is laid out as follows. In Sec. II, we presents cases in which the relaxation time procedure is
known to be valid. In Sec. III we explain our variational procedure and apply it to �nd an alternative expression for
the relaxation time which depends on initial conditions. The validity of the prescription we provide to compute the
relaxation time in a speci�c case is the subject of Sec. IV, while the conclusions are reported in Sec. V.

II. THE RELAXATION TIME APPROXIMATION

In its most common form, the RTA consists of replacing the actual evolution in Eq. (1) by

df k (t)
dt

+
f k (t) � f th

k

� k
= 0 ; (2)

where � k is called the relaxation time and f th
k is the thermal form to which the distribution tends at long ti mes in the

absence of driving forces. The advantage of dealing with an equation such as (2) is that it o�ers analytically tractable
results for f k (t) in the form

f k (t) = f th
k +

�
f k (0) � f th

k

�
e� t=� k : (3)
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Although there are variants, the simplest and most common prescription for the relaxation time that one �nds in the
literature is (see, e.g., Refs. 2, 4, 5, 7)

1
� k

=
X

k 0

Qk 0k : (4)

Three clear cases can be cited when this approximation procedure is valid:
Case (i ): If the entire system has just two states, the relaxation time procedure is always exact. Calling the two

states k1 and k2, equation (1) takes the form

df k1 (t)
dt

= Qk1 k2 f k2 (t) � Qk2 k1 f k1 (t) ;

df k2 (t)
dt

= Qk2 k1 f k1 (t) � Qk1 k2 f k2 (t) : (5)

Using conservation of probability, f k2 (t) = 1 � f k1 (t), we see that this is identical to

df k1 (t)
dt

+ ( Qk2 k1 + Qk1 k2 ) f k1 (t) = Qk1 k2 ;

df k2 (t)
dt

+ ( Qk1 k2 + Qk2 k1 ) f k2 (t) = Qk2 k1 ; (6)

which is in the relaxation time approximation form (2) with 1 =�k = Qk1 k2 + Qk2 k1 and f th
k1

= Qk1 k2 =(Qk2 k1 + Qk1 k2 )
and f th

k2
= Qk2 k1 =(Qk1 k2 + Qk2 k1 ) as is required by detailed balance.

Case (ii ): If the transition rates are not dependent on the label k or k0, in a system of arbitrarily large number of
states N , Eq. (1) takes the form

df k (t)
dt

= Q
X

k 0

[f k 0 (t) � f k (t)] = Q � NQf k (t) ; (7)

which is also of the exact form (2) with 1=�k = NQ, f th
k being the in�nite temperature limit 1 =N as imposed by

detailed balance in light of the k-independence of the transition rates..
Case (iii ): If one recasts (1) in the form of a matrix equation

df k (t)
dt

+
X

k 0

Akk 0f k 0 (t) = 0 ; (8)

whereAkk 0 = � Qkk 0 + � k;k 0
P

q Qqk , one can formally consider the matrixA, diagonalize it and write the solution in
the terms of eigenvalues� i of the A matrix as

f k (t) =
X

i

ai
k e� � i t ; (9)

where the coe�cients ai
k are obtained by the overlap of the initial distribution f k (0) with the eigenvectors of the

A matrix. There is always an eigenvalue zero, the corresponding ai
k being the thermal distribution function f th

k : If
we arrange the terms in the above expansion in ascending order of the values of � i , we notice that for large times,
speci�cally for times much larger than the reciprocal of the third-smallest eigenvalue of theA matrix, the distribution
function can be written approximately as

f k (t) � f th
k + a1

k e� � 1 t : (10)

Equation (10) is in the relaxation time approximation form s ince it satis�es (2) with � 1 as 1=�k .
In all these three cases, the rate 1=�k turns out to be not dependent onk. This fact ensures that probability is

conserved at all times. On the contrary, solutions of Eq. (2)will not generally conserve probability (except whent = 0
or t ! 1 ) if the relaxation rate depends explicitly on k. This can be easily veri�ed by summing the solution (3) over
k. This failure to conserve probability is not only repugnant in itself, but is also known to lead to practical inaccuracies
as in the case of the Rayleigh problem [8]. That problem dealswith the motion of a light particle harmonically bound
to a �xed point and colliding with a gas of heavy particles in t hermal equilibrium. When the ratio of the masses of
the bound particle to the heavy particles is very small, the assumption of the existence of a relaxation time does not
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allow conservation of the number of particles in a collision. This, in turn, leads to the paradoxical result that the
average position of the light particle does not change in time as would be expected in terms of its average velocity.

The other important shortcoming of the standard RTA is concerned with the fact that the relaxation time, as
traditionally computed (see, e.g., Eq. (4)), is independent of the initial conditions of the system. There is no way to
have changes in those conditions re
ected in the subsequentevolution of the system as described by the RTA. In an
attempt to remove these limitations associated with the standard implementation (4) of the RTA, we develop below a
variational principle and obtain a relaxation time prescription which doesdepend on initial conditions and conserves
probability at all times.

III. VARIATIONAL PRESCRIPTION FOR THE RELAXATION TIME

Using techniques from the calculus of variations (see, e.g.Ref. 9) we derive in this section a variational principle
for the Boltzmann equation and use it to �nd an expression for the relaxation time, alternative to Eq. (4), that better
approximates the exact solutions of the Boltzmann equation. It is well know that any function f (t) which satis�es
the following variational condition

�J = �
Z t 2

t 1

dt0F (f 0; f; t 0) = 0 (11)

where t1 and t2 are the endpoints of the evolution chosen according to the speci�c problem, f 0 = df=dt and � means
a functional derivative of the action J with respect to f , is also a solution to an associated Euler's equation

@F
@f

�
d
dt

�
@F
@f0

�
= 0 ; (12)

generated by the functional F (f 0; f; t ). We are here interested in applying this variational principle to situations in
which equation (12) is of the form

df
dt

+ Rf = 0 (13)

where, in general,f may be a vector andR a matrix. Di�erentiating Eq. (13) once with respect to t; we have

d2f
dt2 = R2f: (14)

If R is a symmetric matrix, it then follows from mechanical analogues and Lagrangian insights that a functionalF
that generates the appropriate equation of motion is given by the expression

F = f 02 + R2f 2: (15)

In order to identify Eq. (13) with the Boltzmann equation (1) and write the functional in the form (15), it is necessary
to rewrite Eq. (8) in terms of a symmetric matrix instead of th e generally asymmetric matrix Akk 0. After de�ning

gk = f k
�
f th

k

� � 1=2
, Eq. (8) can be recast in the form

dgk (t)
dt

+
X

k 0

Wkk 0gk 0 (t) = 0 ; (16)

in which the detailed balance relation Qkk 0f th
k 0 = Qk 0k f th

k ensures symmetry of the matrixWkk 0 = Akk 0

�
f th

k 0 =f th
k

� 1=2
.

By calculating the time derivative of (16) it is then possible to express the functionalF in terms of the quantities gk
and g0

k through the relation

F (g0
k ; gk ; t) =

X

k

(g0
k )2 +

X

p;r

Wkp gp (t) Wkr gr (t) ; (17)

which is thus of the form (15). The Boltzmann equation of motion (1) now appears as a consequence of the Euler
equation (12) obtained directly from the functional F de�ned in Eq. (17). We emphasize at this point that with the
de�nition (17) of the relevant functional, the exact solutions to the Boltzmann equation obey the variational principle
(11), i.e., they extremize the e�ective action J .
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We now use this variational principle obeyed by the exact solutions as a guide to �nd \optimal" approximate
solutions to the Boltzmann equation, by postulating a family of trial solutions of simple form, and then directly
solving the associated Euler-Lagrange equation, thus minimizing the e�ective action J associated with them. To this
end we build into our ansatz the fact that the distribution be comes thermal at long times by considering a family of
trial solutions of the form

f k (t) = f th
k + ak f (t); (18)

where the endpoint conditions require that f (1 ) = 0 and f (0) = 1. Since f (t) does not depend onk, conservation of
probability is guaranteed by the condition

X

k

ak = 0 ; (19)

whereak = f k (0) � f th
k is the deviation of the initial distribution from the therma l distribution. Our ansatz for gk (t)

is thus given by the functional form

gk (t) =
q

f th
k +

akq
f th

k

f (t) = gth
k + eak f (t): (20)

Taking into account the detailed balance condition
P

s Wks

p
f th

s = 0, the functional (17) simpli�es to

F =
X

k

(

ea2
k

�
df (t)

dt

� 2

+
X

p;r

Wkp Wkr eapear f 2(t)

)

: (21)

The ansatz (18) that best approximates the evolution of the Boltzmann equation can now be obtained by simply
solving the associated Euler's equation (12) for the relaxation function f (t), i.e.,

d2f (t)
dt2 =

X

k;p;r

Akp Akr apar

f th
k

"
X

k

a2
k

f th
k

#� 1

f (t); (22)

where we have rewritten the matrix Wk 0k and eak elements in terms of the originalAk 0k and ak elements. Since the
coe�cient on the right hand side of (22) is always positive, the only physical solution is a single exponential of the
form

f (t) = e� t=� v : (23)

Expressing the elementsAk 0k in terms of the rates Qk 0k we obtain the initial condition-dependent decay rate

1=�v =

vu
u
u
t

P
k

� P
k 06= k Qk 0k f k (0) �

P
k 06= k Qkk 0f k 0(0)

� 2
=f th

k
P

k

�
f k (0) � f th

k

� 2
=f th

k

: (24)

We thus have found a variational approximation to the solution of the Boltzmann equation in the form (18) where
f (t) is exponential and with a relaxation rate which does dependon the initial conditions as well as the ratesQk 0k .
It is a simple algebraic exercise to see that the exact cases examined at point ( i ) and (ii ) in Sec. II can be recovered
from Eq. (24). To be noted is the fact that the variational pro cedure itself has determined the exponential time
dependence of the functionf (t) in Eq. (18), the functional form of which was not assumed at the outset.

IV. STUDY OF THE VALIDITY OF OUR PRESCRIPTION

To assess the validity of our prescription

f k (t) = f th
k + ak e� t=� v (25)

when the relaxation rate is determined through our variational procedure (24), we examine a speci�c system and
compare the approximate solutions in the form (25) with (3). The system under consideration is a charge carrier
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undergoing di�usive motion in the presence of scattering ina 1-dimensional tight-binding band. It is of considerable
physical interest in the theory of quasi-particle transport in organic materials [10, 11].

We are interested in evaluating the di�usion coe�cient and t hus the mobility through the Einstein relation � = q�D ,
whereD is the di�usion coe�cient and q the charge carrier. The di�usion coe�cient can be evaluated from the Kubo
relation [12]

D = lim
t !1

Z 1

0
dt hv(t)v(0)i ; (26)

where v(t) is the speed of the particle.
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FIG. 1: Comparative examination of the validity of our presc ription and of the standard relaxation time approximation ( RTA).
Plotted is the temperature dependence of the mobility for a c arrier in a 1-dimensional band obtained exactly (solid line ), via
our prescription (dashed line) and via the standard RTA (dot ted line). Temperature is expressed in units of half the carr ier
bandwidth divided by the Boltzmann constant. It is signi�ca nt that our prescription is always more accurate than the sta ndard
RTA.

In the k-state representation we havevk = ~� 1d"k =dk, the band energy" k being given by 2V [1 � cos(ka)] with a
the lattice constant. We consider for simplicity transitio n rates Qk 0k equal to � � 1 if k0 is a state with lower or equal
energy to that of k. The corresponding downward rate, i.e., whenk0 is a state with higher energy thank, is obtained
through the detailed balance relation. For this form of the rates the di�usion constant can be evaluated irrespective
of the number of k-states considered. We display below the case a Brillouin zone with 7 states, k = 0 ; � �

3a ; � 2
3

�
a ; � �

a ,
whose thermal distribution are f th

1;7 = exp( � 2�) =Z, f th
2;6 = exp( � 3� =2)=Z, f th

3;5 = exp( � � =2)=Z, f th
5 = 1 =Z with
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Z = 1 + exp( � � =2) + exp( � 3� =2) + exp( � 2�), and � = 2 V=kB T:

Dexact

v2
0 �

=
3

�
2 + 2e� =2 + 3 e3� =2 + 2 e2� + 5 e5� =2

�

2
�
8 + 36e� =2 + 48e� + 40e3� =2 + 74e2� + 64e5� =2 + 22e3� + 36e7� =2 + 15e4�

� ; (27)

wherev0 = 2 V a~� 1. It is straighforward to compare the exact analytic expression (27) with the corresponding analytic
expressions for the di�usion constant obtained through ourvariational prescription and through the standard RTA. We
have done so in Fig. 1 where we have plotted the �-dependence of the mobility for the each case. A larger number of
k-states do not change qualitatively the plot in Fig. 1: our variational approximation overestimates the exact solution
at all temperatures but, in turn, the standard RTA overestim ates the variational solution at all temperatures. A
detailed study with rates that decay according to Qk 0k / exp (jk0 � kj =� ) with a characteristic k-length � , also shows
no qualitative di�erence from the result in Fig. 1. The value of the mobility for any given temperature increases
in the three cases as� decreases. Our variational approximation gets better as� increases, i.e., as the scattering
range gets smaller. We thus conclude that it is de�nitely more accurate to evaluate the temperature dependence of
the mobility via the variational implementation of the RTA t hat we have presented in this paper rather than the
traditional version for any temperature and for any scattering length � . Surely, the conclusion we draw is speci�c to
the system we have considered and does not apply universally. Nevertheless, con�dence in the applicability of our
prescription is strengthened by the fact that our illustrat ive choice addresses one of the most natural systems to which
the RTA is applied in the literature.

V. CONCLUSIONS

We have derived a (probability-preserving) relaxation time prescription for the solution of the linear Boltzmann
equation used in transport theory that accommodates initial condition e�ects. The relaxation time � v we compute
depends explicitly on initial conditions as shown in Eq. (24). Our procedure is based on the implementation of a
variational technique.

We have tested our formula (24) by analyzing the mobility of a carrier in a 1-dimensional tight-binding band. We
have found that our procedure provides a more accurate representation of the mobility than the standard relaxation
time procedure used in the literature, and that this is true for the system considered for any temperature and any
scattering length. This conclusion is surely not universalbut provides support to the prescription. It is hoped that
the prescription will �nd use in practical computations in t ransport calculations.
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